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Abstract

In this work we develop and analyze a novel adaptive finite element method for efficiently solv-
ing electrical impedance tomography — a severely ill-posed nonlinear inverse problem for recovering
the conductivity from boundary voltage measurements. The reconstruction technique is based on
Tikhonov regularization with a smoothness penalty and discretizing the forward model using contin-
uous piecewise linear finite elements. We derive an adaptive algorithm based on a novel a posteriori
error estimator in terms of the concerned state and adjoint variables and the conductivity. The
convergence of the algorithm is established, in the sense that the sequence of discrete solutions con-
tains a convergent subsequence to a solution of the optimality system for the continuous formulation.
Numerical results are presented to verify the convergence and efficiency of the algorithm.
Keywords: electrical impedance tomography, a posteriori error estimator, adaptive finite element
method, convergence analysis

1 Introduction

Electrical impedance tomography (EIT) is a popular diffusive imaging modality for probing internal
structures of the concerned object, by recovering its electrical conductivity/permittivity distribution
from voltage measurements on the boundary. One typical experimental setup is as follows. One first
attaches a set of metallic electrodes to the surface of the object, then injects an input current into
the object through these electrodes, which induces an electromagnetic field inside the object. Finally,
one measures the induced electric voltages on the electrodes. The procedure is often repeated several
times with different input currents in order to yield sufficient information on the sought-for conductivity
distribution. In many applications, the physical process can be most accurately described by the complete
electrode model [12, 35], but occasionally the simpler continuum model is also employed. The imaging
modality has attracted considerable interest in practical applications, e.g., medical imaging, geophysical
prospecting, nondestructive evaluation and pneumatic oil pipeline conveying.

A large number of reconstruction algorithms have been developed for the EIT inverse problem (see
[1, 24, 25, 28, 37, 27, 20, 14] and references therein). One prominent idea underlying many existing
imaging algorithms is Tikhonov regularization with either a smoothness or sparsity type (including total
variation) penalty, and they have demonstrated very encouraging reconstructions with experimental data.
In practice, they are numerically realized using the continuous piecewise linear finite element method,
due to its flexibility in handling variable coefficients and solid theoretical underpinnings. It has been
customarily adopted in practice. Despite its popularity, it was only rigorously justified very recently in
[17] for the complete electrode model for both polygonal and smooth convex domains.
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The accuracy of the complete electrode model relies essentially on nonstandard boundary conditions
for capturing important characteristics of the physical experiment, notably the contact impedance effect.
In the model, around the boundary of the electrodes, the boundary condition changes from Neumann
to Robin type, which induces weak singularity of the forward solution around the interface [19]. The
potential discontinuity of the sought-for conductivity field, enforced by low Sobolev smoothness penalty,
will also induce weak solution singularities. With a quasi-uniform partition of the domain, the solution
singularities are not effectively resolved and the errors around electrode edges and discontinuity interfaces
are dominant, and can significantly compromise the reconstruction accuracy. This naturally motivates
the use of an adaptive strategy to achieve the desired accuracy with reduced computational complexity. In
this work, we shall develop a novel adaptive finite element method (AFEM) for the EIT inverse problem
and analyze its convergence behavior.

The AFEM generates a sequence of nested triangulations and discrete solutions by a successive loop:

SOLVE — ESTIMATE — MARK — REFINE. (1.1)

The key ingredient in the procedure is the module ESTIMATE, which consists of computing a posteriori
error estimators, i.e., computable quantities from the discrete solution, the local mesh size and other
given data. This has been thoroughly studied for forward problems (see e.g. the surveys [2, 36]). Over
the past few decades, there are also many important works on the a posteriori error analysis of PDE-
constrained optimal control problems (see [21, 22, 30, 31] for a partial list). However, the behavior of
nonlinear inverse problems such as EIT is quite different from that of optimal control problems due to
the ill-posed nature, the existence of the noise in the data and inherent high-degree nonlinearity.

The adaptive idea, including the AFEM, has started to attract some attention in the context of inverse
problems in recent years. In [3, 4, 5, 6] the AFEM using a dual weighted residual framework was studied
for parameter identification problems, and high order terms in relevant Lagrangian functionals were
ignored. Feng et al. [16] proposed a residual-based estimator for state, costate (adjoint) and parameter
by assuming convexity of the cost functional and high regularity on the parameter. Li et al. [29] derived
rigorous a posteriori error estimators for reconstructing the distributed flux under a practical regularity
assumption, in the sense that like for forward problems, the errors of the state variable, the adjoint
variable and the flux are bounded from above and below by the estimators up to some multiplicative
constants. In a series of interesting works [7, 8, 10], Beilina et al. adopted the AFEM for hyperbolic
coefficient inverse problems; see the comprehensive monograph [9] for in-depth discussions. Kaltenbacher
et al. [18, 26] described and analyzed adaptive strategies for choosing the regularization parameter in
Tikhonov regularization and iterative regularization techniques, e.g., Gauss-Newton methods. Unlike
the AFEM for forward problems, for which the convergence and computational complexity have been
systematically studied (cf. the survey papers [11, 32]), the theoretical analysis of the AFEM for inverse
problems is still in its infancy. Recently, the second and third authors established the convergence of the
AFEM for recovering the flux and the Robin coefficient [39, 38].

In this paper, we shall develop a novel AFEM for the EIT and analyze its convergence. The proposed
AFEM is of the standard form (1.1): it does not require a separate marking for data oscillation in the
module MARK and the interior node property in the module REFINE, and hence it is easy to implement. The
derivation of the a posteriori error estimators is constructive: it lends itself to a route for convergence
analysis. The analysis relies on a limiting output least-squares problem defined on the closure of the
adaptively generated finite element spaces, and it consists of two steps. First, the sequence of discrete
minimizers is shown in Section 4.1 to contain a subsequence converging to a solution of the limiting
problem, and then the limiting minimizer and related state and adjoint variables are proved in Section
4.2 to solve the necessary optimality system of the continuous Tikhonov functional.

This work is a continuation of our prior work [17] on the FEM discretization of EIT, but differs
considerably in several aspects. The major effort of [17] was to justify the convergence of the finite
element approximation of the Tikhonov formulation of the EIT, and no any a posteriori error estimate
and adaptive method were studied, which is the main goal of the present work. The convergence analysis
in [17] was provided only for quasi-uniform finite element meshes, and relies crucially on the W4(Q)
(g > 2) regularity of the forward solution and the density of the finite element spaces Vj, in H*(£2). The



density does not hold generally for adaptively generated finite element spaces. Hence, the analysis in [17]
does not carry over to the AFEM algorithm. In this work, we shall adopt a strategy developed in [38]
for recovering the Robin coefficient to overcome these technical difficulties. Nonetheless, there are major
differences in the analysis due to higher degree of nonlinearity and ill-posedness of the EIT problem.
In [38], the continuity of the parameter-to-state map from L?(T;) to L?*(T.) plays a crucial role. For
the EIT, only the H*(2) weak continuity of the map holds (cf. Lemma 4.2), and we shall exploit the
pointwise convergence of discrete minimizers and Lebesgue’s dominated convergence theorem (cf. proofs
of Theorems 4.1-4.3). In particular, it allows us to establish the H'({) convergence of discrete state
variables (cf. proof of Theorem 4.2), and thus enables us to verify that the limiting solution also satisfies
the optimality system of the continuous Tikhonov functional (Lemmas 4.5 and 4.6).

The rest of this paper is organized as follows. In Section 2, we describe the complete electrode model,
regularized least-squares formulation and its optimality system. The finite element discretization is
described, and a novel adaptive algorithm for the EIT is proposed in Section 3. The convergence analysis
of the algorithm is given in Section 4. Some numerical results are presented in Section 5 to illustrate its
convergence and efficiency. For notational simplicity, we use (-,-) and (-,-) to denote the inner product
on the Euclidean space and (L?(9))¢, respectively, by || - || the Euclidean norm, and occasionally abuse
(-, ) for the duality pairing between the space H and its dual space. Throughout this work, the notation
c is used for a generic constant, which may differ at each occurrence, but it is always independent of the
mesh size and other quantities of interest.

2 Preliminary

We shall recall in this section the mathematical model for the EIT problem and describe the recon-
struction technique based on Tikhonov regularization and its necessary optimality system.

2.1 Complete electrode model

Let © be an open bounded domain in R? (d = 2,3) with a polyhedral boundary I'. We denote the
set of electrodes by {e;}£ |, which are line segments/planar surfaces on I' and disjoint from each other,
ie., e;Neg = 0 if i # k. The applied current on the /th electrode ¢; is denoted by I;, and the current
vector [ = (I, ...,I)" satisfies 21L=1 I, = 0 by the law of charge conservation. Let the space RZ be the
subspace of the vector space R with zero mean, i.e., I € RZ. The electrode voltage U = (Uy,...,Ur)"
is also normalized such that U € RL. Then the mathematical formulation of the complete electrode
model (CEM) reads: given the electrical conductivity o, positive contact impedances {z}£, and an
input current pattern I € RL find the potential v € H'(Q) and electrode voltage U € RZ such that

-V - (cVu)=0 in Q,

u—i—zlag—Z:Ul one,nl=12,...,L, (2.1)
[o%4ds=1  forl=1,2,...,L, '
oL =0 on I\ UL, .

The physical motivation behind the model (2.1) is as follows. The governing equation is derived under
a quasi-static low frequency assumption on the electromagnetic process [35]. The second line describes
the contact impedance effect: When injecting electrical currents into the object, a highly resistive thin
layer forms at the electrode-electrolyte interface (due to certain electrochemical processes), which causes
potential drops across the electrode-electrolyte interface. The potential drop is described by Ohm’s law,
with the positive constants {zl}lel being the proportionality factors. It takes into account the fact that
metallic electrodes are perfect conductors, and hence the voltage is constant on each electrode. The
third line reflects the fact that the current I; injected through the electrode e; is completely confined
to e; itself. The nonstandard boundary conditions capture important features of the physical process,
and thus the model (2.1) is capable of reproducing experimental data within the measurement precision



[12, 35]. However, the change of the boundary condition from Neumann to Robin type along the the
boundary of the electrodes induces inherent singularity in the solution [19].

Due to physical constraint, the conductivity distribution ¢ is naturally bounded both from below and
above by positive constants. Hence we introduce the following admissible set

A={\:A<o(@) <A lae z€Q},
for some A € (0,1). Further, we denote by H the product space H*(2) ® RZ with its norm defined by
1, )l = llullz @) + U1
A convenient equivalent norm on the space H is given below [35].

Lemma 2.1. On the space H, the norm || - |u is equivalent to the norm || - ||m,« defined by

L
1w, DI« = 1VullZ20) + Y llu = UlllZae,)-
=1

The weak formulation of the model (2.1) reads [35]: find (u,U) € H such that
a(o, (u,U), (v, V) =({I,V) V(v,V)€H, (2.2)

where the trilinear form a(o, (u,U), (v,V)) on A x H x H is defined by

L
a(O', ('LL, U)v (’U, V)) = (UV’LL, VU) + szl(u - Ula'U - ‘/l)LQ(el)y
=1

where (-, -)z2(c,) denotes the L?(e;) inner product. For any fixed ¢ € A and given contact impedances
{2}, and current I € XL, the existence and uniqueness of a solution (u,U) = (u(c),U(c)) € H to (2.2)
follows from Lemma 2.1 and Lax-Milgram theorem, and further, it depends continuously on the input
current pattern I [35]; see also [25, 17, 14] for the continuity of (u,U) on the conductivity o.

2.2 Tikhonov regularization

The inverse problem is to reconstruct the conductivity o from noisy measurements U° of the electrode
voltage U(c), corresponding to one or multiple input currents. It is severely ill-posed in the sense that
small errors in the data can lead to very large deviations in the reconstructions. Hence, some sort of
regularization is beneficial, and it is incorporated into imaging algorithms, either implicitly or explicitly,
in order to yield physically meaningful images. One prominent idea behind numerous existing imaging
algorithms is Tikhonov regularization [23], which minimizes the following functional

min {J(0) = §|U(0) = U |12 + § | Vollfz(q } (2.3)
and then takes the minimizer as an approximation to the true conductivity of. The first term in the
functional J integrates the information in the data U°. For notational simplicity, we consider only one
dataset in the discussion, and the adaptation to multiple datasets is straightforward. The second term
imposes a priori regularity assumption (smoothness) on the expected conductivity o. The scalar a > 0
is known as a regularization parameter, and controls the tradeoff between the two terms [23]. Problem
(2.3) has at least one minimizer, and it depends continuously on the data perturbation [25].
Next we introduce the following adjoint problem for (2.1): find (p, P) = (p(0), P(0)) € H such that

a(o, (p, P), (v, V)) = (U(o) = U’, V) V(v,V) € H. (2.4)



The Géateaux derivative of the functional J(o) at o € A in the direction p is given by
(o)) = (aV0, Vi) — (4Vul(0), V(o).

Then the minimizer o* to problem (2.3) and the respective forward solution (u*,U*) and the adjoint
solution (p*, P*) satisfies the following necessary optimality system:

a(lc™, (w*,U"), (v,V))=(I,V) V(v,V)eH,
a(a*, (p*, P*), (v,V)) = ({U* = U°, V) VY(v,V)€H, (2.5)
a(Vo*, V(p—0"))r2@) — (0 — ")V, Vp*)r20) 2 0 Vu € A,

where the variational inequality corresponds to the box constraint in the admissible set A.

3 Adaptive finite element method

Now we describe the finite element method for discretizing problem (2.3), derive the a posteriori error
estimator and develop a novel adaptive algorithm, which uses a general marking strategy and thus is easy
to implement. The convergence analysis of the algorithm will be presented in Section 4.

3.1 Finite element discretization

To discretize the problem, we first triangulate the domain €. Let 7 be a shape regular triangulation of
the polyhedral domain Q consisting of closed simplicial elements, with a local mesh size hp = |T|1/ 4 for
each element T € T, which is assumed to intersect at most one electrode surface ¢;. On the triangulation
T, we define a continuous piecewise linear finite element space

Vr={veC®):vjre P(T)VT €T},

where the space P;(T) consists of all linear functions on the element T. The space V7 is also used for
approximating the potential u and the conductivity . Nonetheless, we observe that in practice, it is
possible to employ different meshes for the potential and the conductivity. The use of piecewise linear
finite elements is popular since the problem data, e.g., boundary conditions, have only limited regularity.
Now we can describe the finite element approximation. First, we approximate the forward map
(u(0),U(0)) € Hby (ur,Ur) = (ur(o7), Ur(o7)) € Hy = V7 @ RY defined by
a(aT, (UT, UT)7 (1)7’7 V)) = <I, V> (UT, V) S HT, (3.1)
where the (discretized) conductivity o7 lies in the discrete admissible set
ATZ{UTGVT:)\SUTS)\_l ae Qt=ANVr.

Then the discrete optimization problem reads

min {Jr(or) = $IUr(07) — U°|2 + §|Vorlie | - (3.2)

oTEAT

Due to the compactness of the space A7, there exists at least one minimizer ¢ to problem (3.1)-(3.2)
[17]. The minimizer ¢ and the related forward solution (u¥-, Us) = (u3-(0%),Ur(03)) € Hy and adjoint
solution (p¥-, Py) = (p3-(0%), P3(0%)) € Hy satisfies the following necessary optimality system

a(or, (ur, Ur), (v, V) = (L, V) V(vr,V) € Hr,
a(o%, (0, Py), (v, V) = (UF = U°, V) V(vr,V) € Hr, (3.3)
a(Vor, V(ur —o7))r2) — (w7 — o7)Vur, Vpr)re) 2 0 Vur € A7,

which is the discrete analogue of (2.5). Like in the continuous case, it is straightforward to verify that
the discrete solutions (u3-, U7) and (p%-, Py) depend continuously on the input current pattern I, i.e.,

1w, Uz + 107 Ul < eI+ 1U°)- (3-4)



3.2 Adaptive algorithm

Now we can present a novel AFEM for problem (2.2)-(2.3). First we introduce some notation. Let T
be the set of all possible conforming triangulations of the domain  obtained from some shape-regular
initial mesh by the successive use of bisection. We call T/ € T a refinement of 7 € T if T’ can be
obtained from 7 by a finite number of bisections. The collection of all faces (respectively all interior
faces) in 7 € T is denoted by Fr (respectively F%) and its restriction on the electrode & and I'\ UF; ¢
by ]—'%— and F%, respectively. The scalar hp := |F|1/(d*1) denotes the diameter of a face F' € F7, which is
associated with a fixed normal unit vector np in Q2 with ny = n on the boundary I'. Further, we denote
by Dr (respectively Dp) the union of all elements in 7 with non-empty intersection with an element
T € T (respectively F € Fr).

Remark 3.1. The family T is uniformly shape reqular during the refinement process [32], i.e., the shape
reqularity of any T € T is uniformly bounded by a constant depending only on the initial mesh. Thus all
constants only depend on the initial mesh and the given data but not on any subsequent mesh.

For the solution (o7, u%, Uz, p4, Py) to problem (3.3), we define two element residuals for each
element T' € T and two face residuals for each face F' € Fr by

Rra(oF,uy) =V - (07 Vuy),

Rr2(ur, pr) = Vuy - Vpr,

[0 Vui - np] for F e FL,
Jpalor,uwr,Ur) =S o5 Vuy-n+ (uy —Us )z for FeFh,
orVur-n for F € F%,
. (Vo5 - np for F e FL,
Jr2(or) = . . .
aVor-n for F'e€ F-UF%,

where [-] denotes the jumps across interior faces F. Then for any collection of elements My C T, we
introduce the following error estimator

(05w, U s PR M) i= D (o, uyn, U i, PFLT)
TeMT

= > nralorur, Un T) + 05 5(05, 0, P T) + 07 5 (0, wyr, pi, T,
TeMT

(3.5)

where the three components 77%—)2», 1 =1,2,3, are defined by

07107, wr, Ur, T) = hi| Rra (o ui) ey + Y hellJra(of uf, U (),

FCOT
7207 P, Pr.T) i= hip|| R (o7 o) I () + hell T (o o PRI
N7 2097, P> oy L) = Rp ||l vr 10, D7) L2 (T) FIJFIOT, P 7 )2 (Fy»
FcaT
W 3(0r w07, T) o= hpl| Rea(ur p)l e ey + Y Bl Jra(0)|7aer)-
FCOT

We defer the derivation of the a posteriori error estimator ny (0%, u%-, Uy, p5, Py, M) to Section 3.3
below. The notation My will be omitted whenever M+ = T. Note that the estimator n; depends only
on the discrete solutions (0%, u%, Uy, p5, P3) and the given problem data (e.g., impedance coefficients
{z}E,), and all the quantities involved in n7 are completely computable. As it is shown in Section 4.2,
this error estimator is sufficient for the convergence of the resulting adaptive algorithm.

Now we can formulate an adaptive algorithm for the EIT inverse problem, cf. Algorithm 1. Below we
indicate the dependence on the triangulation 7 by the iteration number k in the subscript.



Algorithm 1 Adaptive finite element method for EIT
1: Specify a shape regular initial mesh 7, and set k := 0.
2: (SOLVE) Solve problem (3.1)-(3.2) over Ty for the minimizer (o}, u},U}) € Ap x Hj and the adjoint
solution (pj, Py¥) € Hy; see (3.3).
3: (ESTIMATE) Compute the error estimator (o, uy, Uy, py, Py) by (3.5).
4: (MARK) Mark a subset My, C T with at least one element Tc Tr with the largest error indicator:

(k> i, Ug, Pi, P, T) = max e (o, ug, Ug, pi, B, T)- (3.6)

5: (REFINE) Refine each element 7" in My, by bisection to get Tp41.
6: Set k =k + 1, and return to Step 2, until a certain stopping criterion is fulfilled.

Remark 3.2. Assumption (3.6) in the module MARK is fairly general, and it covers several commonly
used marking strategies, e.g., mazimum strategy, equidistribution, modified equidistribution strategy, and
Dorfler’s strategy [34, pp. 962]. Our convergence analysis in Section 4 covers all these marking strategies.

Remark 3.3. The solver in the module SOLVE can be either a gradient descent method or a Gauss-Newton
method, each equipped with a suitable step size selection rule.

We end this section with a geometric observation on the mesh sequence {7} and a stability result
on error indicators ng 1 (o), up, Uf), ne2(0k, i, Pi) and ny 3(of, uy, py) given in Algorithm 1. For the
purpose, we introduce

=7, T=T\T,, 9 = Dr. %= J Dr.

>k TeTH TeT?

That is, the set ,77: consists of all elements not refined after the k-th iteration while all elements in ’7;0
are refined at least once after the k-th iteration. Clearly, 7;+ C 7? for I < k. We also define a mesh-size
function hy, : © — R* almost everywhere by hy(z) = hr for o in the interior of an element 7' € T and
hi(z) = hp for = in the relative interior of an edge F' € F. It has the following important property in
the region of Q involving marked elements (see [34, Corollary 3.3] for the proof):

Lemma 3.1. Let x? be the characteristic function of Q3. Then
1' h 0 oS — 0
o 17Xkl o< ()

The next result gives preliminary bounds on the a posteriori error estimators.

Lemma 3.2. Let the sequence of discrete solutions {(o},uy, U, pi, PF)} be generated by Algorithm 1.
Then for each T' € Ty, with its face I, there hold that

7713,1(“13 u,;:v UI:’T) < C(HVUZH%%DT) + hF”ult - UI:T,ZHQLQ(Fﬂel))?
Me2(0k, 0% Pry T) < c(IVPillZ2 o,y + hellPk = PiillZemne):
7713,3("1?7“27192’T) < (h4 d”vuk||L2(T)Hka||L2(T) + hT||VUkHL2(DT))

Proof. We only prove the third estimate, and the first two follow analogously. By the inverse estimates
and the trace theorem, the local quasi-uniformity of 7y yields

||Vuk vPkHLZ(T) < Ch4 dHVUk Vpk”Ll y < Ch4 d”VUkHL?(T)HVPk”LZ (T)

Z hellTr2(0i) | 72(r) < b7 VoillT2(ppy-
FcorT



3.3 Derivation of a posteriori error estimators

Now we motivate the estimator iy defined in (3.5) which serves as an error indicator in the module
ESTIMATE of Algorithm 1. The algorithm generates a sequence of discrete solutions { (o, u}, U, pi, Pi)}
in a sequence of finite element spaces {V}} and discrete admissible sets {A;} over a sequence of meshes
{7x}. Since the discrete forward problem (3.1) needs to be solved repeatedly in Algorithm 1, some
arguments in the a posteriori error estimation for direct problems will naturally be employed. We shall
need the following error estimates on the Lagrange interpolation operator Iy : H?(2) — V4 [13] and the
Scott-Zhang interpolation operator I5* : H'(2) — Vj, [33] over the triangulation Tj.

Lemma 3.3. For any T € T and any F € Fy,

lo = Zevllaery < e lolliry, 1o = Tevllrary < ehy o]l o)
sz sz 1/2
lv = Ig*vll2(r) < chrllollanpgy, v — IEvllcecry < chi vl g,

where wg is the union of elements with F as a face.

To motivate the error estimator 1, we begin with two auxiliary problems: find (u(o}), U(UZ)) cH
and (p(07), P(0})) € H such that

a(of, (@, U), (v,V)) = I, V) VY(v,V)eH, (3.7)

a(ot, (B, P),(v,V)) = (U - U°,V) V(v,V)€eH (3.8)

Note that the first equation in (3.3) is actually the finite element scheme of the auxiliary problem (3.7) over
Tr. Hence, the standard a posteriori error analysis for forward problems can be applied. In particular, by
setting vy = I7%v € Vj in the first equation in (3.3) for any (v, V') € H, applying elementwise integration
by parts and appealing to Lemma 3.3, there hold

L
(Ukﬂ( uka Uk) (va)) = <I7 V> - (UZVUZ,V’U) - szl(uz - Ul:,l?’U - W)LQ(Q)

= (o3 Vuy, V(I;?v —v) Zzl up — U 15 170 — ) 2 (e
<> nz,1<az,uz,v,:,:r>) loll s oy
TETk
Taking (v,V) = (@ —u},U — U;) € H and using Lemma 2.1 yield
~ * 7 * 2 * ok * 1/2
1 = e, U = Ul < e D nka(oioui, UL T)) (3.9)
TETk
Further, from the first equation in (2.5) and (3.7) we find for any (v, V) € H
a(oy, (W —u,U* — (7), (v, V) = ((of, = 0")Vu*,Vv) < |[(6" = o) Vu* || L2(0) | VU 2 () -

Consequently, _
| = @ U* = 0|l < cll(* — o0 Va2 0y. (3.10)

Likewise, for (p* — p}, P* — P;), we appeal to the second equation in the discrete optimality system (3.3)



and the auxiliary problem (3.8) to deduce

a(O’Z, (ﬁfppﬁ - Pl:)v (Ua V)) = <ﬁ - U67V> - CL(O’Z, (p27plz<)7 (va))
= <ﬁ - UI:’ V> + <UI: - U57V> - a((f;:, (pZ,P]:), (’U, V))

L
= (U - Uy, V) + (03, Vg, V(70 —v)) + szl(PZ - Pl;k,l’ I7v — v)Lz(ez)
=1

< (X maloispi P 1))

+ 1T = G, V)l
TeTy

and _ _
a(ol, (p* —p, P* = P),(v,V)) = ((6f — a")Vp*,Vu) +{U" = U,V)
< (10" = o) 9w a2y + IU* = TN ) (o, V) e,
which, together with (3.9) and (3.10) and Lemma 2.1, implies

* * * * * * * * * * 1/2
1" = pis P = Pl < (32 nf sl i, Uit T) + 0 (o i, P T))

TET (3.11)
+ 0" = o)V 20 + 10" = i) VP 220y )

In view of (3.9)-(3.11), nx1 and 72 can bound (u* — ui,U* — Uy) and (p* — pj, P* — P}) from
above up to the terms [|(c* — o})Vu*||2(q) and |[(60* — 0%)Vp*||L2(q). This motivates our choice of a
computable upper bound for ¢* — o}, upon discarding the uncomputable terms. Upon appealing to the
variational inequalities in (2.5) and (3.3), and Iju € Ay, for any u € AN C>(Q), we deduce

a| V(o™ = op)llfai) < a(Vay, Viog — o)) = (o — 0™)Vu*, Vp*)

— o(Vo}, Yo} — 0")) — (0, — o*)Veig, Vo)
+ (Vuj, - Vp; — Vu* - Vp*, 0 — c¥)

< Vo, V(Igp — 0%)) = ((Iep — 0*)Vug, Vpy)
+ (Vuj - Vpi, — Vu* - Vp*, 05 —c*)

= (Yo, V(I — 1)) — (Ve Vi (Tuga — )
+ (Vuj, - Vpr, — Vu* - Vp*,0f — ")
+a(Vol,V(p—0")) = ((un—0*)Vuy, Vpy) := T+ T+ IIL

Now Lemma 3.3 and elementwise integration by parts yield

0 < e( > ylorup i Tl iy Vi€ ANCE(Q), (3.12)
TeTk

By the minimizing property of {o}} for Ji.(-), [[Voi|/z2(q) is bounded. Then the estimate (3.4) and the
density of AN C°(Q) in A ensure that III can be made arbitrarily small. For the term II, we have

11| = |(Vu} - Vi, — Vg - Vp* + Vuj - Vp* — Vu* - Vp*,o% — %)
< IV(pr = P2 @ll(or — o) VugliL2 @) + IV (ug — w2 @ll(or — 0")Vp*llL2 (0,

which is expected to be higher order terms. Upon discarding the terms ||(c* — o) Vu*||2(q) and [|(c* —
0)Vp*|lL2(q) in (3.10)-(3.11) and the nonlinear term II, we get all computable quantities in (3.9), (3.11)
and (3.12), which are exactly the a posteriori error estimator 7 defined in (3.5). Thus we may view it as
a reliable upper bound for the norm error and employ it in the module ESTIMATE to drive the adaptive
refinement process. Moreover the derivation of (3.12) suggests a natural way to deal with the variational
inequality in (2.5) in the convergence analysis of Algorithm 1.



4 Convergence analysis

In this section, we shall establish the main theoretical result of this work, the convergence of Algorithm
1, namely the sequence of discrete solutions {(o},uy, Uf, i, Py)} to (3.3) generated by Algorithm 1,
contains a subsequence converging in H'(2) x H x H to a solution to the optimality system (2.5). The
main technical difficulty lies in the lack of density of the adaptively generated finite element space Vj
in the space H'(Q). To overcome the challenge, the proof is carried out in two steps. In the first step
(Section 4.1), we analyze a “limiting” optimization problem posed over a limiting set induced by {Ax},
and show that the sequence of discrete minimizers contains a convergent subsequence to a minimizer
to the limiting problem. In the second step (Section 4.2), we show that the solution to the optimality
system for the limiting problem actually solves the optimality system (2.5). It is worth noting that all
the proofs in Section 4.1 only depends on the nestedness of finite element spaces and discrete admissible
sets, and the error estimator (3.5) and the marking assumption (3.6) are used only in Section 4.2.

4.1 Limiting optimization problem

For the sequences {Hj} and {A} generated by Algorithm 1, we define a limiting finite element space
Hy and a limiting admissible set A, respectively by

Hey := U Hi (in H, *-norm) and Ay := U Ay (in H'-norm).
k>0 k>0

It is easy to see that H, is a closed subspace of H. For the set Ay, we have the following lemma.
Lemma 4.1. A, is a closed convex subset of A.

Proof. The definition of A, implies its strong closedness. For any p and v in A, there exist two
sequences {ux} and {vg} C Uysq Ak such that ux — pand v — v in H'(Q). The convexity of the set
Ay implies {tp + (1 —t)vg} C Upso Ak for any ¢ € (0,1). Then tug, + (1 —t)vy, — tu+ (1 —t)v in H(Q),

ie tpu+(1—t)v € Ay for any ¢ € (0,1). Hence Ao, is convex. Moreover, we have p, — p a.e. in Q after
(possibly) passing to a subsequence, which, along with the constraint A < pj < A7! a.e. in Q, indicates
that A < pu < A71 a.e. in Q. Lastly, the fact that A, C H'(Q) concludes Ay, C A. O

Over the limiting set Ay, we introduce a limiting minimization problem:

min {Joc(00) = § U (000) = UI + § | Vocllfzqey } (4.1)

oo €A
where (Uoo, Uso) = (oo (000 )s Uso (00 )) € Huo satisfies the variational problem:
(000 (oo, Uso), (0, V)) = (I, V) VY(v,V) € Hw. (4.2)
The next result shows the existence of a minimizer to the limiting problem (4.1)-(4.2).
Theorem 4.1. There exists at least one minimizer to problem (4.1)-(4.2).

Proof. Tt is clear that inf J (o) is finite over Ay, so there exists a minimizing sequence {o"} C A, i.e.,
Joo(0™) = infyea Joo(o). Thus, the sequence {¢"} is uniformly bounded in H'(f2), and by Sobolev
embedding theorem [15] and the fact that A is a closed convex subset of H!({), cf. Lemma 4.1, there
exists a subsequence, still denoted by {c™}, and some o* € A, such that ¢ — o* weakly in H (),
o™ — o* a.e. in ). By taking o, = 0" € A in (4.2), then (v, U") = (u"™(c™),U"(c™)) satisfies

a(o™, (W™, U"), (v,V)) =(,V) V(,V) € Hu. (4.3)

Then by Lemma 2.1, {(u™,U™)} is uniformly bounded in H, which upon passing to a subsequence yields
that there exists a subsequence, also denoted by {(u™,U"™)}, and some (u*,U*) € Hy such that

(u",U™) — (u*,U*) weakly in H and u"™ —u* in L*(T). (4.4)

10



We claim that (u*,U*) = (u*(c*),U*(0*)) € Ho. To this end, first we observe the splitting
(6"Vu",Vv) = ((6" — c*)Vu",Vv) + (c*Vu", V).

The pointwise convergence of the sequence {c"}, Lebesgue’s dominated convergence theorem [15] and
uniform boundedness of {u"} in H*({2) imply that

|((6" —o™)Vu"™, V)| < ||Vu" | L2 ll(c™ — %)Vl L2q) — 0.

This and the weak convergence of {u"} in H*(Q) give (¢"Vu", Vv)2(q) — (6*Vu*, Vo) 2(0). Then by
(4.4), we obtain
(W" = U0 =Vi)p2e) = (u" = U0 = Vi) 12(e)-

Upon taking into account these relations, we deduce
a(c”, (", U"), (v,V)) =(I,V) V(v,V) € Ho,

i.e., the desired claim (u*,U*) = (u*(c*),U*(0")) € Hs. This and the weak lower semicontinuity of the
norm imply that ¢* is a minimizer of J(-) over Ay. O

As a corollary of the above proof, we have the following weak continuity result.

Lemma 4.2. Let the sequence {o} C g Ar converge to some o* € As, weakly in H'(Q) and a.e.
in Q. Then there exist a subsequence {coy,, } and the solution (u(c*),U(c*)) € Huoo to (4.2) such that the
sequence of solutions {(uy,, (o, ), Uk,, (0k,,))} C UpsoHi to (3.1) over Ty, satisfies

(Ut (Ok,)s Uk (Ok,,)) = (u(07),U(0™))  weakly in H.

Now we analyze the limiting behavior of the sequence {(o},u;,U))} generated by Algorithm 1: It
contains a subsequence converging in H'(€) x H to a minimizer of the limiting problem (4.1)-(4.2). This
result will play a crucial role in the convergence analysis in Section 4.2.

Theorem 4.2. Let {ApxHy} be a sequence of discrete admissible sets and finite element spaces generated
by Algorithm 1. Then the sequence of discrete solutions {(co, uy, U)} to problem (3.2) has a subsequence
{(og, sup, Ui )} converging to a minimizer (03, u%,, U%,) to problem (4.1)-(4.2) in the sense that

o = ok inHYQ), op —oi ae inQ, (up Ui )= (ul,UL) inH.

m

Proof. Since the constant function 1 € Ay, for all k and Ji (o)) attains its minimum at o}, € Ay, the
sequence {o}} is uniformly bounded in H'(Q2). Hence, by Sobolev embedding theorem [15], there exists
a subsequence {0} } and some o}, € Ay such that o} ~— o3, weakly in H'(Q2), 0f — o7, a.e. in Q.
By Lemma 4.2, there exists a subsubsequence of {(uj |, U,jm)}7 still denoted by {(u , Ui )}, such that

(uk,,» Ur,,) = (u5(05,), UL (05,))  weakly in H,

where (u’ (0k), UL (0%,)) satisfies problem (4.2) with oo, = o, First we prove that o is a minimizer to
Joo over Ao, For any o € Ay, the definition of A, ensures the existence of a sequence {o;} C U~ Ak

such that o; — o in H'(Q). By Lemma 4.2, there exists a subsequence {0y, } such that the solution
(ur, (01,,), U, (01,,)) to problem (3.1) over 7, and (uc(0),Usc(0)) € H satisfies

(ug, (01,), U1, (01,,)) = (teo(0),Uso(0)) weakly in H.

By the minimizing property of o} ~to the functional Ji,, over Ay, , for ky, > I, (and large l,,) and the
nestedness of the space Ay, D A;,, there holds Jy,, (o} ) < Ji, (01,) = Ji, (01, ). Consequently,

Joo(05,) <liminf Jy, (of, ) < limsup J;, (01,) = Joo(0) Vo € A.

m—r o0 n—oo
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Further, by taking o = 0%, we derive lim,, o0 Ji,, (0}, ) = Joo(0%,), and thus lim,, . [|[Voy ||%2(Q) =
||VO';OH%2(Q). This and the weak convergence of o in H'(2) shows the first assertion.

It remains to show the convergence of {uj } in H'(Q), which in view of its weak convergence in
H'(Q) follows directly from the identity ||V (uj —u%,)||r2(q) — 0. Using the discrete problem (3.1) over
Tk, » the convergence of {U; } and the limiting problem (4.2) imply

a’(o-knz7 (uzm’ Ugm)a (u;‘;mv Ul;km)) = <Ia UI: > — <Iv U:o> = a'(Uooa (u:;ov U:o)v (u:io, U:o))v

m

By the compact embedding from H'(£2) into L*(T') [15], the sequence {uj } converges to u%, in L*(I),
and the convergence of {Uy } yield (o} Vuy ,Vup ) — (05, Vui,, Vus,). Now it follows from the
elementary identity
I/o%, Y (u,, = ws i) = I/ok, Vi, 2@ — 200k, Vug,,, Vus) + Iy /of, Vullliaq)
and the triangle inequality that
IV (ui,,, = ws)Z2() < ell(ok, Vg, Vg, ) = (03, Vi, Vui )| + (0%, — 0. Vi )]
+ |(of, Vuy — o5 Vul, ,Vul)|) :=1+1141II

The second term II tends to zero by the pointwise convergence of the sequence {a,jm} and Lebesgue’s
dominated convergence theorem [15]. For the third term III, there holds

I < (o5, — 05)Vug,,, Vuso)| + (05 V (ug,, — us,), Vug,)|
< |Vug, Iz @0, = 05)Vusslliz @) + (05 V (ug,, —use), Vugo)l = 0
by the weak convergence of {uj } in H'(Q) and the pointwise convergence of {0} }. The preceding

three estimates together complete the proof of the theorem. O

Next we turn to the optimality system of problem (4.1). Like in the continuous case, the optimality

*

condition for the minimizer (¢}, u’,,U% ) and the adjoint solution (pi,, P%) € H is given by

G(Uzw (Uiov U:o)v (U’ V)) = <I7 V> V('Uv V) € Hy,
a(0%e, (0o, PL), (0, V) = (U3, = U, V) V(v,V) € He, (4.5)

a(Vol, V(n—0%)) = (Vul, Vpi(n—0%)) 20 Vu € Ax.
The next result shows the convergence of the sequence of adjoint solutions.

Theorem 4.3. Under the condition of Theorem 4.2, the subsequence of adjoint solutions {(py, , Py )}
generated by Algorithm 1 converges to the solution (pk,, PL) to the limiting adjoint problem in (4.5):

Jim |(pk,, — Plor Pr,,, = Poo) s =0

P..) € Hy, . such that

m? m

Proof. The discrete version of the limiting adjoint problem (4.5) reads: find (py

(0%, (B> Pr ), (0, V) = (U, = U°, V) ¥(v,V) € Hy,,. (4.6)
By Cea’s lemma and the construction of the space H.,, we deduce
1(Phe = Pros P = Py lime < ¢ inf  [[(p3 — v, Pl = V)l — 0. (4.7)
(U7V)€Hkm

By taking (vg,., Vk,.) = (Pk,, — p};m,ﬁkm — P,jm) in the second equation of (3.3) and (v,V) = (pg,, —

Pk s Pr,, — Py ) in (4.6), we obtain

L
IVGHr ¥ B = P T2y + D 21 Bh = Phy. = Pt + P illT2e)
=1

=(U% — U Py, — Pi )+ ((0F,, = 02)V (Bry, — Do)y V (Br — D5))
+ ((or,, — 05)VDie, V(Pr,, —,,)) =1+ 11+ 1IL
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The Cauchy-Schwarz inequality and the box constraints on o~ and o7, give

1 < |UZ = Ug, llee || P, RL,
11} < ¢||V(Pr,, — Pi) 22 ) IV P, — PR, ) | 22(02)5
| < |[(of,, — 05)VDi L2 @IV (Pr,, — PR, ) 22(02)

which, together with Lemma 2.1, implies

- P

m

m

1P = Pris Pre = P, )l < e(lUS = U lre + [V (Dr,,, — PE) L2y + 10, — 02) VS llz2 @)

Thanks to the convergence of {U}; }, the pointwise convergence of {0}, } in Theorem 4.2 and (4.7), the
right-hand side tends to zero. Now the desired assertion follows from the triangle inequality and (4.7). O

4.2 Convergence of AFEM

Now we establish the main theoretical result of this work: the sequence of discrete solutions generated
by Algorithm 1 contains a convergent subsequence {(O’Zm, (. U,:‘m,pzm,P,;.‘m)}7 whose limit solves the
necessary optimality system (2.5). By Theorems 4.2 and 4.3, it suffices to show that the limiting solution
{(o%,,ul,, UL, pi, PX)} also solves the necessary optimality system (2.5). Our arguments begin with
the observation that the maximal error indicator over marked elements has a vanishing limit; see Lemma
4.3 below. Then two sequences of residuals with respect to (uy ,Uy ) and (p; , Py ) are proved to
converge to zero weakly in Lemma 4.4 below. This together with Theorems 4.2 and 4.3, implies the claim
for the first two equations in (2.5), cf. Lemma 4.5 below. The variational inequality in (2.5) can be
verified analogously, cf. Lemma 4.6 below.

First we show that the maximal error indicator over the marked elements has a vanishing limit.

Lemma 4.3. Let {7k, Ax x Hi, (o}, u}, U, pk, PY)} be the sequence of meshes, discrete admissible sets,
finite element spaces and discrete solutions generated by Algorithm 1 and My, the set of marked elements
by (3.6). Then for each convergent subsequence {(o}, ,uy ,U; py Py )}, there holds

lim max uy S US pr PF . T)=0.
miso TEMy M (O 0 Uk s Yk s Pl s Ll 0 )

Proof. We denote by T the element with the largest error indicator in My, . Since the set Dz C Q it
follows from Lemma 3.1 that

|Dz| < c|hy,, ||dLm(ng) -0, 0T Nnel <cllhn, <o ) =0 asm = oo. (4.8)

0 )

By Lemma 3.2, the local quasi-uniformity of T
inequality, we have

inverse estimates, trace theorem [15] and the triangle

m )

M1 (0%, otk UR W T) < eIV, 13 2p,) + hallug, o = Ui, il 32 omne)
< elll(ug,, —uie, U, = Ui + 1Vuleliem,) + 1uder = Uil o7ine):
nim,z(azm,pzmvP; T) < (||Vpk ||L2(Df) + hzllpk,. . Pkm,z”Lz 3Tmel))
< c(l(pk,, = Poo P, = Pl e + IVPL L2, + 19500 = P lls o7iney):
M 3(Ths Uiy P T) < (7 NV, 0 3 IV PR, 2 ) + 0EIV R, T2(0,))
< c|D~|4/d*1(<||V<uk )2y + IV )1V B, = D3 2 + 995 0 )
+ (IV(os,, — HL2(DT) + ||V000HL2(DT)))
Now the desired result follows from the convergence of {o} } and {(uj ,U; )} in Theorem 4.2 and
{(px, » Pp )} from Theorem 4.3, (4.8), and the absolute continuity of the norms || - llz2(0) and || - ||z2(r)
with respect to the Lebesgue measure. O
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Now we define two residuals with respect to (u}, U}) and (p}, P}) as
(R(u, Ur), (v,V)) := a(oy, (ug, Uy), (v, V) = (I, V) V(v,V) € H,
(R(pi, Pi)s (v, V) = alog, (05, BY), (v, V) = (Ui = U, V) ¥(v,V) €H
Clearly, by definition, we have the Galerkin orthogonality

<R(pZaPI:)7 (U7V)> =0 V(U, V) € Hy,

(R(pk, P), (v, V) =0 V(v,V) € Hy. (4.9)

To relate the limit {(o%,,ul,, U, pk,, PX)} to the optimality system (2.5), we exploit the marking
assumption (3.6) in Algorithm 1. The next result gives the weak convergence of the residuals to zero.

Lemma 4.4. For the convergent subsequence {(oy ,uy Uy ,pi P )} given in Theorems 4.2 and

4.8, there hold
lim (R(uy, Ui ),(v,V))=0 VY(v,V)ecH

m—r oo

lim (R(pk,,, Pr,.), (v,V)) =0 V(v,V)eH

m—r o0

Proof. We only prove the first assertion since the second follows analogously. For notational simplicity, we
relabel the index k,,, by k. Let Ij, and I;* be the Lagrange and Scott-Zhang interpolation operators respec-
tively associated with the space Vi. Then by the Galerkin orthogonality (4.9), elementwise integration by
parts and the error estimate for Iljz, cf. Lemma 3.3, we deduce for k > [ and any (¢, V) € C>(Q) x RL

(R (uf, U, (0, V)| = [(R(uy,, Ug), (¥ — Ixth, 0) y_y (up, Up), (w = I}7w,0))|

- ‘(UZVUZ,V( = I7w)) + ZZZ up — Upy), (W — IPw)) 2 (ey)

sc Z Wk,l(UZvUZaUljvT)Hw”Hl(DT)

TETk
= C( Z Me,1 (0%, Uk, UI:>T)||w||H1(DT) + Z Mk, 1 (0, U UI:7T)||w||H1(DT))'
TeT\T,;" TeTt

where w = 9 — Iy). By appealing to Lemma 3.2 and (3.4), we deduce

(Y wpalohup U T <

TeT\T;"
and further by the error estimate of the interpolation operator I from Lemma 3.3, we arrive at
* * 2 * * * 1/2
(R, UD), 0,V < exlltull ey 920y + 2 (30 a0t uf, UL T)) 62
TeT*

By Lemma 3.1, c1[[lu| Lo (o) [[¢]l2 = 0 as I = oo. From 7,5 C T," € Ti € My, for k > 1 and the marking
condition (3.6), we deduce

( Z U%’l(JZ,UZ,UZ,T))Iﬂ < |7;+| ma}i nk,l(UZ,UZaU]:; ) |T I max Nk, I(kaukaUkv )
TeT* TeT, €T’

771 pass (o, i, UG pies PEST)-

Now Lemma 4.3 implies that for any fixed large [, we can choose some ki > [; such that

(D malokui, UL D) 202 < e
TeT*
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for any positive small number € and k > k;. Thus, we arrive at

lim (R(uj, ,Up ), (0,V)) =0 V(v,V)eC®(Q) xRE,

m—r o0

which, together with the density of C*°(Q) in H'(Q), gives the desired assertion. O
Next we show that the limit (o}, ul , UL, pi., P%) actually solves the variational equations in (2.5).

Lemma 4.5. The solution to problem (4.5) solves the two variational equations in (2.5), i.e.,

a(U* (uiooa U:o)’ (’Uv V)) = <Iv V> V(U7 V) € H,

(o oh)

a(or,, (p, PL), (v, V) = (UL —U°, V) VY(v,V)eH.

00

Proof. We prove only the first assertion, since the proof of the second is analogous. Given the convergent
subsequence {(o} ,uj Uy ,pp ,P; )} in Theorems 4.2 and 4.3, for any (v, V') € H, there holds

L
a(0%es (e, U, (0, V)= (L V)| € 37 7 (ke = Ul = i, + Ui, 100 = W 2o
=1

+ (02 Yz = o, Vi, ), Vo) ey | + [(R(wt,,, UF, ), (0, V)]
In view of Theorem 4.2 and Lemma 4.4, the first and third terms tend to zero. For the second term,

(05 Vug, — o5, uk,, ), Vo) < (05 V (u

—ug,), Vo) + (0% — 0%, )Vuy,,, Vo)
< (0% V(u

—uy, ), Vo)l + [[Vug, L2@oll(05 — ok, )Vullz2@) — 0,

*
o0
E3
00 m

by the convergence of {uj }, and the pointwise convergence of {o} } in Theorem 4.2 and Lebesgue’s
dominated convergence theorem [15]. O

Now we turn to the variational inequality in (2.5). We resort again to a density argument like in the

proof of Lemma 4.4. Specifically, we first show that the variational inequality holds for (o, u’ , p%.)

over the smooth subset, and then extend the assertion to .4 by a density argument.

Lemma 4.6. The solution to the variational inequality of problem (4.5) satisfies
a(VJ;o7 V(M - O-:;O)) - (vuéo7 VPZO(IU’ - U;o)) >0 VM €A

Proof. Like before, we relabel the convergent subsequence {(o} ,uy Uy ,pj P} )} in Theorems 4.2-
4.3 by {(o%, s, Uf, pi, )}, and let I, be the Lagrange interpolation operator associated with Vj. Then

for any p € A:= ANC>®(Q), I € Ay, and further the discrete variational inequality in (3.3) yields

a(Vop, V(p—op)) = ((n = of)Vug, Vo)

= a(Voy, V(p— Ipp) — ((n — Iep) Vug, Vi)
+a(Voy, V(Ikp — op)) — ((Ikp — 0%) Vg, Vpy)

> a(Vop, V(p — Ixp) — ((n — Iep) Vg, V).

(4.10)

Using elementwise integration by parts, the definition of 7, 3 and error estimates for I, cf. Lemma 3.3,
we deduce that for k£ > [, there holds

a(Voy, V(p = Ip) — ((p — Iku)VUZ,VpZ)’ <e Y meslor uipi Tl a2
TeT

* * ok 1/2 * * ok 1/2
<es(( Y mialoiuiin 1)+ (D nkaloi ui i 1)) Il o).
TeT\T,;" TeTt
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The Lemma 3.2, (3.4) and the H'(2)-convergence of the sequence {o}} from Theorem 4.2 and Lemma
3.1 give

Z Uﬁ,s(gzvuzapZ’T)SC(llhz\i;d(%)llvmllzm(g) Z HVUZHQL?(T)+th”ioo(()f))||VUZH%2(Q))
TET\T;T TeTi\T,*

4—d 2 4—d
< clllnlld e + Il ) < cllbll 0 0.
Upon noting the inclusion 7, C 7y, for k > I, we deduce from the marking condition (3.6)
( Z 77]%’3(0;,16;;7]72,11))1/2 S |7;+|7{r€1571’§77k,3(027u27p2711) S ‘7;+|THEl%(knk(o'Z7Uz,U]:7PZ,P}:,T>-
TeT," !

Appealing again to Lemma 4.3, we can choose ko > Iy for some large fixed lo such that when k > ko
e3s(Xpeq+ ni5(or, ul, ph, T)) Y2 ||l g2 (o) is smaller than any given positive number. Hence
; ,

(@Vop, V(u— Iup) — (Vug, Vpi(p — Iep)) = 0 Vp e A (4.11)
Using the H'(2)-convergence of {c}} from Theorem 4.2, we have
(o1, V(- 07)) = (aVol, Vi — %)) ued (1.12)

The convergence of {p;} to pi in H'(Q) in Theorem 4.3, the stability estimate (3.4) and the box
constraint in A yield

(uVug, V(py = o)) < ellV oy = peo)llL2@) = 0,
and this together with Theorem 4.2 implies

(uVui, Vi) = (uVui, V(pi — pio)) + (uVup, Vpi) = (uVul,, Vpl) Ype A (4.13)
By elementary calculations, we derive

(03 Vug, Vpr) = (05 Vuge, Vo) = (03 Vg, V(py, — p)) + ((0F — 05) Vg, Vi)
+ (05 V(g = ), Vi)

Repeating the arguments for (4.13) yields that for the first and third terms there hold
(0% Vuk, V(pr, —ps)) = 0 and (02, V(up — ul,), Vps,) = 0.

The stability estimate (3.4), the pointwise convergence of {o} of Theorem 4.2 and Lebesgue’s dominated
convergence theorem [15] show

((of — 05) Vg, VL) < cll (o — 05) VSllL2 @) = 0.

Hence
(0, Vug, Vpp) = (05 Vus,, Vps,). (4.14)

Now by passing both sides of (4.10) to the limit and combining (4.11)-(4.14), we obtain
6(Vo%, V(i — 0% 1200 — (Vs Vil (4 — 02y 2 0 Vo€ A

By means of the density of C°°(Q2) in H'(£2) and the construction via a standard mollifier [15], for any

1 € A there exists a sequence {u"} C A such that ||u" — |l m1) — 0 as n — oo. Then by Lebesgue’s
dominated convergence theorem [15], we deduce

(aVol,, Vu") = (aVol,,Vu) and  (u"Vug, Vpl) — (1Vul,, VpL,)

after possibly passing to a subsequence. The desired result follows from the preceding two estimates. [J
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Finally, by combining Theorems 4.2 and 4.3, with Lemmas 4.5 and 4.6, we arrive at the main the-
oretical result of this part: the sequence of solutions generated by the AFEM contains a subsequence
convergent to a solution of the continuous necessary optimality system (2.5).

Theorem 4.4. The sequence of discrete solutions {(oy,uy, U, py, P)} generated by Algorithm 1 has a
subsequence {(a,jm,uzm,Ugm,p,’;m7P,;‘m)} converging to a solution (o*,u*,U* p*, P*) to the continuous
optimality system (2.5) in the following sense:

lok,, =" llar@, I(ug,, — o™ Ug, = U ew [0k, =" Pr,, = Pl =0 asm — oo

5 Numerical experiments and discussions

Now we present numerical results to illustrate the convergence and efficiency of the adaptive algorithm.
The setup of the numerical experiments is as follows. The domain 2 is taken to be a square Q = (—1,1)2.
There are sixteen electrodes {e;}%, (with L = 16) evenly distributed along the boundary I, each of
the length 1/4, thus occupying one half of the boundary T'. The contact impedances {2}~ , on the
electrodes {e;}£ | are all set to unit, and the background conductivity og is taken to be oo = 1. For
each example, we measure the electrode voltages U for the first ten sinusoidal input currents, in order to
gain enough information about the true conductivity of. Then the noisy data U? is generated by adding
componentwise Gaussian noise to the exact data U(c') as follows

UY = Ui(oh) + emlax\Ul(oT)Ml, l=1,...,L,

where € is the noise level, and {§;} follow the standard normal distribution. In all the experiments, the
marking strategy (3.6) in the module MARK is represented by a specific maximum strategy, cf. Remark
3.2, i.e., mark a subset My C Ty, i.e., the refinement set, such that

ﬂk(UZ»UZa Ul:vaaPI:’Mk) > 977k(UZ,UZa Uz,PZ,PE,ﬁ),

with a threshold 6 € [0,1], and it contains all elements T' with ny (o}, uj, U, pr, P, T) in a descending
order. In the computation, we fix the threshold 6 at & = 0.7. The discrete nonlinear optimization
problems (3.1)-(3.2) are solved by a nonlinear conjugated gradient method and the initial guess of the
conductivity at the coarsest mesh 7 is initialized to the background oy = 1, and then the reconstruction
on the mesh 7;_; is interpolated to the mesh 7; to warm start the conjugate gradient iteration for the
discrete formulation on the mesh 7;. Throughout the adaptive loop, the regularization parameter « in
the Tikhonov model (2.3) is fixed and it is determined in a trial-and-error manner.

Example 1. The true conductivity o' is given by ot (z) = oo(z) +e’8($§+(12’0'55)2), with the background
conductivity oo(z) = 1.

In this example, the true conductivity field o consists of a very smooth blob in a constant back-
ground, and the profile is shown in Fig. 1(a). The final recovered conductivity fields from the voltage
measurements with € = 0.1% noise in the data are shown in Fig. 1. For both uniform and adaptive
refinements, the reconstructions capture well the location and height of the blob: it is very smooth, due
to the use of a smoothness prior. Consequently, it does not induce any grave solution singularity. The
reconstructions by the uniform refinement and that by the adaptive one are similar to each other in terms
of location and magnitude, both suffering from slight loss of the contrast.

Next we examine the adaptive refinement more closely. On a very coarse initial mesh 7y, which is
a uniform triangulation of the domain 2, cf. the first panel of Fig. 2(a), the recovered conductivity
tends to have pronounced oscillations around the boundary, since the forward solution is not accurately
resolved. In particular, the discretization error can compromise the reconstruction accuracy, and it
induces large errors in the location and height of the recovered blob. This motivates the use of the
adaptive strategy. The meshes during the adaptive iteration and the corresponding recoveries are shown
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Figure 1: The final reconstructions by the uniform and adaptive refinements for example 1 with € = 0.1%
noise in the data. The degree of freedom is 9818 and 16641 for the adaptive and uniform refinement,
respectively. The regularization parameter « is fixed at o = 2.5 x 107%.

in Fig. 2. The refinement step first concentrates only on the region around the electrode surface. This is
expected from the abrupt change of the boundary condition over there, and thus the solution to the direct
problem has weak singularity [19]. Afterwards, the AFEM starts to refine also the interior of the domain,
simultaneously with the boundary region. Accordingly, the spurious oscillations in the reconstruction
are suppressed as the adaptive iteration proceeds. Interestingly, the central part of the domain is refined
only slightly during the whole refinement procedure. This concurs with the observation that the center is
much harder to resolve from the boundary data. Hence, the refinement step tends to adapt automatically
to the resolving power of the conductivity field in different regions.

In Fig. 3, we plot the L?(Q) error of the reconstructions versus the degree of freedom N of the mesh 7,
for the adaptive and uniform refinement, where the reference solution is computed on a much finer mesh.
It is observed that with the same degree of freedom, the adaptive algorithm can give much more accurate
reconstructions than the uniform one. This shows clearly the efficiency of the adaptive algorithm.

16
15
Fla

P13
12

0.9

] 05 0 05 1 - 05 0 05 1 A 05 0 05 1 A 05 0 05 1

(a) 1st step (b) 5th step (c) 10th step (d) 15th step

Figure 2: The recovered conductivity distributions o}, during the adaptive refinement, for example 1 with
€ = 0.1% noise in the data. The regularization parameter « is fixed at o = 2.5 x 107%.

A second example contains two neighboring smooth blobs.

Example 2. The true conductivity o' is given by ot (z) = oo(z) + e~ 20(@1H+0.7)7+23) | o =20(@]+(@2-0.7)%)
and the background conductivity oo(z) = 1.
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Figure 3: The L?(f2) error e versus the degree of freedom N of the mesh, for example 1 at two different
noise levels, using the adaptive refinement (solid line) and uniform refinement (dashed line).
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Figure 4: The final reconstructions by the adaptive and uniform refinements for example 2 with e = 0.1%
noise in the data. The degree of freedom is 9803 and 16641 for the adaptive and uniform refinement,
respectively. The regularization parameter « is fixed at o = 2.5 x 107%.
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Figure 5: The recovered conductivity during the adaptive refinement, for example 2 with ¢ = 0.1% noise
in the data. The regularization parameter is fixed at o = 2.5 x 104,
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Like before, the true conductivity o' is very smooth (cf. Fig. 4(a) for the profile), and thus the
smoothness penalty is suitable. Overall, the observations from example 1 remain valid: the reconstructed
coefficient captures very well the supports of the inclusions, and the magnitude is also reasonable. The
reconstruction by the adaptive algorithm is comparable with that based on uniform refinement, but
requiring far less degrees of freedom.

At the initial stage, the mesh refinement mainly occurs in the region around electrode surfaces, where
the weak solution singularity appears. However, as the iterative refinement proceeds, the region away
from the boundary is also refined simultaneously, but to a lesser degree, which is especially pronounced
for the central part of the domain. In case of a very coarse initial mesh, the recovery even fails to identify
the number of inclusions, but as the AFEM proceeds, the spurious oscillations disappear, and then it can
identify reasonably the locations and magnitudes of the blobs from the reconstructions, cf. Fig. 5. In
Fig. 6, we show the L?(Q2) error of the reconstructions versus the degree of freedom N of the mesh Ty
for the adaptive and uniform refinement. These plots fully show the efficiency of the adaptive algorithm,
for both € = 0.1% and € = 1% noise in the data.

——? adaptive =12 adaptive
5 7 L2 uniform e L2 uniform
10 2 ) ““3 ' B HA 10 2 ) “““‘3 ‘ ““4
10 10 10 10 10 10
N N
(a) e=1x1073 (b) e =1x 1072

Figure 6: The L?(Q) error versus the degree of freedom N of the mesh, for example 2 at two different
noise levels, using the adaptive refinement (solid line) and uniform refinement (dashed line).

Now we consider a discontinuous conductivity field as the last example.

Example 3. The true conductivity o' is given by of(z) = oo(x) + (21/2 + x2)xqr, where xqr is the
characteristic function of the set Q' = (1/4,3/4) x (0,1/2), and the back ground conductivity oo(z) = 1.

Since the H'(£2) penalty imposes a global smoothness condition, it is unsuitable for recovering discon-
tinuous conductivity fields. Hence, in this example we assume that the support €’ of the true conductivity
field o' is known, and aim at determining the variation within the support using the H'(£)’) semi-norm
penalty. With minor modifications, the adaptive algorithm and the convergence proof can be extended
(with the only change lying in the variational inequality now defined only on the subdomain €', and the
estimator 17 (0%, u%-, p¥-, T) is only for elements in ).

The numerical results for the example are presented in Figs. 7, 8 and 9. The observations from the
preceding two examples remain largely valid. The magnitude of the conductivity is slightly reduced,
but otherwise the profile is reasonable, and visually the reconstructions by the adaptive and the uniform
refinements are close to each other, cf. Figs. 7(b) and 7(c). Even though the conductivity field o is
discontinuous, the adaptive algorithm first mainly resolves the singularity due to the abrupt change of
boundary conditions, i.e., the weak singularity of the solution around the boundary is dominant, cf. Fig.
8(b). As the adaptive iteration proceeds, the algorithm then starts to refine the region near the boundary
of Q': first the part close to the boundary 992, and then the part away from 09, cf. Figs. 8(c) and 8(d).
This is consistent with the observation that the further away from the boundary, the more challenging
is it to be resolved. The gain of computational efficiency is shown in Fig. 9: the L?(Q)-error decreases
faster with the increase of degree of freedom for the adaptive algorithm than the uniform refinement.
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Figure 7: The final reconstructions by the adaptive and uniform refinements for example 3 with e = 0.1%
noise in the data. The degree of freedom is 19608 and 33025 for the adaptive and uniform refinement,
respectively. The regularization parameter « is fixed at o = 3.2 x 1072,
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Figure 8: The recovered conductivity during the adaptive refinement, for example 3 with ¢ = 0.1% noise
in the data. The regularization parameter is fixed at a = 3.2 x 1073,
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Figure 9: The L?(Q) error versus the degree of freedom N of the mesh, for example 3 at two different
noise levels, using the adaptive refinement (solid line) and uniform refinement (dashed line).
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6 Concluding remarks

In this work, we have developed a novel adaptive finite element method for the electrical impedance
tomography of recovering the conductivity distribution from the boundary voltage measurements, using
the complete electrode model. The inverse problem is formulated as an output least-squares problem
with a Sobolev smoothness penalty. The weak solution singularity around the electrode surfaces and
low-regularity conductivity motivate the use of the adaptive refinement techniques. We have derived
a residual-type a posteriori error estimator, which involves the state solution, adjoint solution and the
identifying conductivity, and established the convergence of the sequence of solutions generated by the
adaptive technique that the accumulation point solves the continuous optimality system. The efficiency
and convergence of the proposed adaptive algorithm is fully confirmed by the numerical experiments.

This work represents only a first step towards the rigorous adaptive finite element method for nonlinear
inverse problems associated with partial differential equations. There are several research problems
deserving further study. First, the proposed algorithm is only for the smoothness penalty, which is
essential in the development and convergence analysis of the algorithm. It is of much interest to derive
and to analyze adaptive algorithms for nonsmooth penalties, e.g., total variation and sparsity. Second,
numerically one observes that the algorithm can approximate a (local/global) minimizer of the continuous
optimization well, instead of only a solution to the necessary optimality condition, cf. Theorem 4.4. This
is still theoretically to be justified. Third, the reliability and optimality of the adaptive algorithm for
nonlinear inverse problems are completely open, which seems not fully understood even for linear ones,
e.g., flux reconstruction. The optimality issue is especially important in the context of inverse problems,
where the data has only finite precision.
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