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1. Introduction

In this paper, we consider the Cauchy problem of the Vlasov-Poisson-Boltzmann
system (VPB in short):

(1.1)
By = V.ér, Amf:pf:/fdu,

with initial data

f(0,z,v) = fo(z,v), (1.2)
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where f(t,z,v) is the distribution function for particles at time ¢ > 0 with location
z € RY and velocity v € RY. The positive integer N > 3 denotes the dimension
of the phase space. The self-consistent electric potential ¢(¢,z) generating the
force field Ey(t,z) is coupled with the distribution function f(¢,z,v) through the
Poisson equation Az¢y = pr. The Boltzmann collision operator J(f, f) describing
the binary elastic collision takes the form

I ) = QU f) — FR(P), (1.3)
with
QU )(t.z,v) = / B®. [0 — v} f(t2,0)) f(t, 2,0 ) dvsdio,  (1.4)
RN xSN-1
and
FR(P)(tz,0) = f(t,2,0) / B®,|v - vu)f(t.z,0.) dvsdo. (15)
RN xSN-1

Here cos = (v —v,) - w/|v —v.|, w € S¥7L. (v,v,) and (v, v]) are the pre-collision
and the post-collision velocity pairs respectively, satisfying

V=0 —[(v =) wlw, vl =+ [(v—vs) - wlw,

by the conservation of momentum and energy. B(f,|v — v.|) is the collision kernel
characterizing the collision of the charged dilute particles from different physical
settings with various interaction potentials.

In the mean field approximation'®, when particles interact only through elec-
tromagnetic forces, the density f solves the classical Vlasov-Maxwell-Boltzmann
system. For this system, F is proportional to the Lorentz force F + v x B cre-
ated by the mean electromagnetic field, where E and B are respectively the electric
and magnetic fields which satisfy the Maxwell system'®™. If magnetic forces are
neglected, then one has the VPB system.

In this paper, we shall study the stability of solutions to the VPB system, which
is an important subject for some systems in physics?*. The reason is that not only
it shows whether the state is achievable under a small perturbation, but also it
provides a possible application in the numerical computation®’. Furthermore, L'
norm is natural for the VPB system since the system has the five conservation laws
representing the macroscopic conservation of mass, momentum and energy. There-
fore, the L' stability has been an unsolved interesting problem to this celebrated
physical model.

Throughout this paper, we assume that the collision kernel B is nonnegative
and continuous in its arguments and satisfies the following physically reasonable
assumption:

B0, v = v.])
| cos 4|
Notice that for the hard-sphere model,

B(0,|v — v.|) = Clv — vi| cos b,

<Clv—uv°, —(N-2)<é<1. (1.6)
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which satisfies (1.6) with § = 1. Notice also that both the hard and soft potentials
with angular cut-off satisfy the condition (1.6). And for simpler presentation later,
we call the cases with —(IV —2) < § <0 and 0 < § <1 as soft and hard potentials
respectively.

As usual, we will consider the value f# of the distribution f along the bi-
characteristics. For any fixed (z,v) € RY x RY, the forward bi-characteristics
[X!(z,v), V!(x,v)] generated by some external force field E(t,z) is defined by

dX(z,v)
dt
(XH VYm0 = (2,0).

W) _ iy xt(e,0)),

= Vi(z,v), pr (w7

Then we denote f# by
f#(t,x,v) = f(t, X" (x,v), V(x,0)).

Furthermore let’s introduce some norms for the solutions in consideration®. For any
f = f(tvx,v) and fO = fO(xvv)v define

E ‘f#(t,l’,’U”
s = 230 T Gabmaatlol

where the weight functions h, and mg have algebraic decay rates and are in the
form of

Lotz

||f0 a,B e ma

(1.8)

ha(lz) = (1 +|2*)™%, a >0 and mg(jv]) = (1 +[o[*) 7, B> 0. (1.9)

For simplicity, throughout this paper, for any function f(¢,z,v), we use nota-
tions:

IF @Ol = 17, )

Iy <Yy, 1 (#)lleo = sup £ (2, z,v)],
x,v

and

IV f (B)llp = ZH@ SOl Vo Ollp = leavlf v

i=1

where 1 < p < co. Notice that by the measure preservation of the mapping (z,v) —
(Xt(z,v),Vi(z,v)) for any t > 0, we have

17t M ey xray = 1F - )l ooy xmy)- (1.10)

Before stating the stability result in this paper, we first give the following global
existence theorem on classical solutions in infinite vacuum to the VPB system with
small initial data.
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Theorem 1.1. Suppose that N >3, o > (N +1)/2, § > N + 1 and the collision
kernel B satisfies (1.6) with —(N —2) < § < 1. Then there exist constants dy and
Co such that the following holds. For any &§; € (0,68], if 0 < fo € WEH2(RY x RY)
satisfies

[ folla,s + [Vasfolla,s + Vo follas < 61, (1.11)

then the Cauchy problem (1.1)-(1.2) has a unique global solution [f, Ef] such that
0< feWbh>R{. xRY xRY) and By € C,(Rf x RY) N CHRF;RY) satisfy

loc
E E _ E
IS, + IV F 11 + 11+ )71, < Coy (1.12)
and
/0 UEf(t)loo + (1 + OV Er(#)oe) dt < Codr. (1.13)

Remark 1.1. The inequality (1.13) can be easily improved. In fact by Lemma 4.1
in Section 4 and the Poisson equation Az¢s = pr, we obtain the explicit decay
rates of Ef(t, x) as follows:

0(1)é, O(1)é,
I1E7(®)]loo < W and [|VyEp(t)]le < W’

where A € (0,1/(N 4 1)) is a constant and O(1), from now on, denotes the general
positive constant independent of §; which may vary for different equations. For the
proof of (1.14) when N = 3, see Refs. 2 and 12. It is exactly the same for N > 3
and thus omitted.

(1.14)

The proof Theorem 1.1 for the realistic physical case, i.e. N = 3 can be found in
Ref. 12. For N > 3, we can use the same method to deal with its proof and hence
still omit it for brevity. Instead, we devote ourselves to the proof of the uniform L'
stability of solutions in sense of Theorem 1.1. In fact we have

Theorem 1.2. Assume that all conditions in Theorem 1.1 hold and furthermore
N > 4. Let f and g be the classical solutions to the VPB system corresponding to
initial data fo and go satisfying (1.11). If 61 € (0,1) is sufficiently small, then it
holds that

1F(t) = 9@l < OW)[[fo — gollr, ¥ E=0. (1.15)

Now we review some previous works on the related topics and then give the
main ideas of this paper. Some general knowledge on the VPB system and other
related kinetic models can be found in the literature”-®426, For the VPB system,
the large time asymptotic behavior of weak solutions with some extra regularity
was studied by Desvillettes-Dolbeault!?, see also the related topics®!3. The global
existence of DiPerna-Lions renormalized solutions with arbitrary amplitude to the
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initial boundary value problem was given by Mischler??. For classical solutions in
infinite vacuum, the first global existence was obtained by Guo'” for some soft
potentials and Duan-Yang-Zhu'? for almost general potentials including the hard-
sphere model. The global existence of solutions near a global Maxwellian was also
studied by Guo'® and Yang-Yu-Zhao?® respectively for the space periodic data and
the Cauchy problem. Finally we mention some works related to the problems con-
sidered in this paper. Arkeryd' proved the Lyapunov-type weighted L' stability
for the space homogeneous Boltzmann equation. Furthermore, Ha completed a se-
ries of important works about the uniform L' stability for the Boltzmann equation
without external forces'®2°, the Vlasov-Poisson system® and the Enskog-Boltzmann
equation'®, where some new Lyapunov functionals were constructed. For the Boltz-
mann equation with external forces, Duan-Yang-Zhu'!! recently used the similar
method to prove the uniform L' stability of small solutions around vacuum.

There are two vital observations for the uniform L' stability estimate: One is the
decay in time of f# in the space L'(RY), the other is the decay in time of J#(f,g)
in the space L'(RY x RY). To obtain our result, we directly use the Gronwall’s
inequality to deal with the case of the soft potentials. For the case of the hard
potentials, some new nonlinear functionals, which reduce to the same functionals
in Ref. 20 when the external force vanishes, are constructed to control the factor
|v — v,|? in the collision kernel B(6,|v — v,|). These functionals can capture the
effect of the force term on the time evolution of solutions. Precisely, if 0 < § < 1,
we can obtain the following estimates:

% < O(W)Aw(f, 9)(t) + mﬁﬁ 9)(t), V=0,
LI < (1 - 0RO + LB, Ve

Hence by the smallness of §; > 0, we can choose a proper constant K > 0 to
construct the Glimm-type functional 5:21:

Hi(f,9)(t) = L(f,9)(t) + KDw(f, 9)(t),

which will be equivalent with the L! distance L(f,g)(t) of two solutions. Thus the
uniform L' stability for the case of the hard potentials will follow from the above
estimates. See Section 3 for notations and more details.

The rest of this paper is arranged as follows. In Section 2, some preliminary
lemmas are given for later use. In Section 3, the L! stability estimate is obtained
by considering the following two cases: the soft potential and the hard potential.
Some known lemmas used in this paper are listed in Section 4.

2. Preliminary

For any fixed (t,z,v) € RS x RY x RY, we also define the backward bi-

(I}

characteristics [X (s;t,x,v), V(s;t,z,v)] generated by some external force field
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E(t,z) by solutions to the ODE system

dX (s;t,x,v) dV (s;t,x,v)
ERELTY) (s LT B(s, X (s

{ Is V(s;t, x,v), Is (s, X(s5t,2,0)), 2.1)
(X (s5t,2,0),V(s;t,x,0))s=t = (z,0).

Then it is easy to see that

[t 2, 0)| < fIlla sha(IX (052, 2,0) )ms(|V (058, 2, v)]). (2.2)

Also notice that (2.1) can be rewritten as the following integral form:
t ot
X(s;t,x,v) =x —v(t—s)— / / E(0, X (0;t,z,v))dbdn,
s Jn

t
Visit,z,v) =v —/ E(0,X(0;t,x,v))db.

First for the backward bi-characteristic, we have

Lemma 2.1. Suppose that the external force E(t,x) satisfies (1.14). If N > 4, then
we have that for any (t,z,v) € Ry x RY x RY,

|X(0;¢,x,v) — (x — vt)| + |V (0;t,2,v) —v] < O(1)dy (2.4)

and

|Vi(z,v) —v| < O(1)d;. (2.5)

Proof. From (1.14) and (2.3), we have

[V(0;t,z,v) —v| =

¢
/ E(&X(Q;t,x,v))d@’
0

< / | E(0)]|od0

o0 1
< 0(1)51/0 T
< 0(1)3,

and

IX(0:,2,0) — (2 — vt)] = /O/E(G,X(H;t,x,v))dﬁdn

n
t [e'e)
< / / |E(6) | wdbdn
0 Jn

t oo 1
< 0O(1)6 —————dfd
()1/0/17(1+9)N_1 n
< O(1)0y,
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since N > 4. Finally (2.5) is proved similarly. This completes the proof of Lemma
2.1. |

Next consider the two integrals I; and I> defined respectively by

X . .
Il<t7y) — / ha(' (O’t7xav)|)m]€E|1‘/(07t7x7v)')dxdv (26)
RY xRN |z -y
and
IL(t,z,v) = / v — v*\‘sha(|X(O; t,z,v.))ma(|V (05 ¢, 2, v.)|)dvs. (2.7)

v

The following lemma shows that both I; and I, decay with explicit rates in time.

Lemma 2.2. Suppose that the external force E(t,x) satisfies (1.14). If N > 4 and
—(N —2) < <0, then we have that for any t > 0,

o)

Slqu Li(ty) < AN 1 (2.8)
and
O(1
s$u11)) I(t,z,v) < (1—&—5)1)\””5' (2.9)

Proof. First consider the proof of (2.8). By using Lemmas 2.1 and 4.2, we deduce
from (2.6) that for any ¢ > 0,

ha (|2 — vt])mg(|v])

h@y%§O+OOﬁVHOﬂﬁQ%Mﬁ/‘ - dxdv
RY xRN lz — yl
g(1+@umﬁwouwwﬁﬁﬂ/ h“”‘“@ﬁﬂwmmm
RY xRN lz =yl

ho (|l — vt])mg(|v
goax/ ﬂx_:LjG|me. (2.10)
RN xRN Y

Furthermore for any constant R > 0, we compute

[ felle ol o,
RY xRY

lx —y[N -1

(/ - hallz = othms(le)
{o—yl<RIxRY  J{la—y|>R}xRY jz —y[N !

1 /
B Tz —y[N-1 ho(lz — vt|)mg(jv|)dv | dz
/{w—ylgR} |z —y|N-1 ( . (I Dmgs(lvl) >

v

— h — vt dxd
+taNT Ry a(|z = vt])mg(|v])dzdv

: o)
< T — I N—1 ho(lz — vt])mg(|v|)dv | dx + ) 2.11
/{z—yISR} |z —y[N 1 (/RLV ( Dms(|v)) > RN-1 ( )
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Now we claim that

ho(lx — vt dv < ————. 2.12
L e = tbma(i)d < = (2.12)
In fact, when 0 < ¢ < 1, it holds that
/ ha(|z = vt|)mg(|v])dv < / mg([v]) < O(1). (2.13)
R} R}
When ¢ > 1, we can take the change of variable x — vt = u to get
ha |z — vty (jo))dv < / ho(|z — vi|)dv
RY RY
1
o)
<9 (2.14)

which together with (2.13) yields (2.12). Thus putting (2.12) into (2.11), we have

ho(lz — vt
/ (2 = vthms (o) ;,,,
RY xRN |z —yl

ot Lo
= (1+6)N /{|x—y§R} |~T—y|N71d TRV
O()R n O(1)

. 2.15
~(1+t)N RN (2.15)
In particular we take R = 1 + t to obtain
— 1
[ el g ¢ O0) 216
rRyxry |z —y[Nt (14Nt
Hence combining (2.10) and (2.16) yields (2.8).
For (2.9), similar to the proof of (2.10), we have from (2.7) that
I(t,z,v) < O(1) / [0 = v [P ho (|2 — vat| )y (|va]) dov,. (2.17)
R
When 0 <t <1, it follows from Lemma 4.4 that
Iy(t,z,v) < (9(1)/ [v — v.]°ma(|vs])dv. < O(1) (2.18)
N

v

since —(N — 2) < § < 0. Furthermore when ¢t > 1, from (2.17), we let vit —x = u
to obtain

L(t, z,v) < O(1) / (0 — 0[P hoy (|2 — vat])dos
RN

Ve

= N5 /RN ot —  — u|’ho(|u])du

(2.19)
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where —(N — 2) < § < 0 and Lemma 4.4 are used again. Thus both (2.18) and
(2.19) lead to

o)
IQ(t,Jf, ’U) S W (220)
Hence (2.9) holds. The proof of Lemma 2.2 is complete. |

Finally we give a lemma which plays an important role in the proof of the
uniform stability estimate (1.15) for the case of the hard potentials.

Lemma 2.3. Let N >3, > (N+1)/2 and 8 > N + 1. Suppose that the collision
kernel B satisfies (1.6) with —(N —2) < § < 1 and the external force E satisfies
(1.14). Then there exists a positive constant n with 0 <n < f— N/2 such that for
any (t,z,v) € RS x RY x RY, it holds that

OMINFNE gl 5
h
(1+1¢)2

Q7 (f,9)(t, 2, 0)|+| f* R¥ (g)(t, 2, 0)| < a—1/2([z])mp—n(|v]).

(2.21)

For Lemma 2.3, its proof when N = 3 can be found in Ref. 12. The exactly
same method is used to deal with the case of N > 4 and thus we omit it. The only
point we have to mention is that the decay rate (14 ¢)~2 in (2.21) is optimal and
independent of the dimension N of the phase space.

3. L' stability

In this section, we give the proof of Theorem 1.2, which follows from a series of
lemmas. Precisely, we directly use the Gronwall’s inequality to deal with the case
of the soft potentials. For the case of the hard potentials, some new nonlinear
functionals are constructed to balance the singularity effect by the collision kernel
B0, |v — vi]).

To this end, let f and g be two classical solutions to VPB system corresponding
to initial data fp and gg satisfying (1.11) in Theorem 1.1. For use later, let’s define
the nonnegative bilinear operator S by

S(f,9)(t,z,v) = [Q(f,9) + fR(9](¢, 2,v), (3.1)
and the nonlinear functionals £ and A by
LaO = [ 1f =gtz 0)dado, (32)
RY xR
A0 = [ v = wulP1f = gl(t.2, 0)(F + 9)(t, 2, v.)drdvdo. (33)
RYXRYxRY

Notice from (1.10) that for any ¢ > 0,
L(f,9)#) = I(f = 9) (D],
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i.e. L(f,g) is just L' distance of two solutions f and g.
First we have the following basic estimate on the evolution of L(f, g)(t) for the
case of the general potentials.

Lemma 3.1. Suppose that the conditions of Theorem 1.2 hold. If —(N—2) < § <1,
then we have that

EoL=rtnl) (3.0

w < O()A(f,9)(t) +

Proof. Since both f and g are solutions to the VPB system, it holds that

Orf+v-Vuf + Ef-Vof =J(f, f),
atg+v'vmg+Eg‘vvg :J(gag)'

Taking difference of the above two equations and multiplying it by sign(f — g) gives

O|f —gl +v-Val|f —g| + Ey - Vo|f — g
<S(f —gl, f) +S(g, If —gl) + |Eg — Ey| - [Vugl.

Along the forward bi-characteristics generated by the force field (¢, z), the above
inequality can be rewritten as

of = gl* <SH(f =gl 1)+ 8% (g, |f = ) + |Eg = Eg[* - [Vog[*. (3.5)
Integrating it over RY x R/ and noting (1.10), we have

ELIO comprgow+ [ 1B - Bl Wugldsan. (30
RY xRN

Therefore the rest proof is to show that

O(1)¢
Lo B =Bl Wgldedo < (E0RS 0. G)
x X v
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In fact, by the Poisson equation A¢ = p, we have
[ 1B Efl-Vuglduds
RY xRI

[(py — pg)(t,y)
<01 / == 2V, g(t, x,v)|drdvd
@) RY xRN xRY |z —yN -1 Vol ) Y

_ t »
<o [ =950 )G o o v)|drdvdyde,
RY xR xRN xRY, |z —y|

Vug(t,z,v
<o [ A=y, [ TS,
RY xRY, RY xRN |z —y|

SOWBA+) [ |7 =)ty v.)dyer.
/ ha (X (0,2, 0) Jms(V(0; 1,2, v)))
RY xRN

dxdv
|z —y| V-1

<OWB+Dswhity) [ I(F - g)(t.y.v.)ldydv, (38)
Y RY xRN
which together with (2.8) yields (3.7). Thus the proof of Lemma 3.1 is complete. O

Next we devote ourselves to use the L! distance L(f, g) of two solutions to control
the term A(f,g) on the right hand of (3.4). For the case of the soft potentials, i.e.
—(N —2) <6 <0, it can be achieved by the following lemma, which directly leads
to the uniform L' stability estimate with the help of the Gronwall’s inequality.

Lemma 3.2. Suppose that the conditions of Theorem 1.2 hold. If —(N—-2) < 6 <0,
then we have

MO < s £ 00 (3.9)

Proof. It follows from the representation form (3.3) of A(f,g)(t) that

A0 = [

RY xRY

1f — gl(t, z,v)dedv / v — v P(f + g)(t, 2, v)dos
RN

v

< 0(1)51/ If — gl(t, z,v)dzdv
RYXRY

/RN v — v*|5ha(|X(0;t,x7v*)|)mlg(\V(O;t7x,v*)|)dv*

Ve

< O(1)d; sup Ig(t,x,v)/ |f — gl|(t, z,v)dzdv. (3.10)
RY xRY

x,v

Thus it follows from (2.9) and (3.10) that (3.9) holds. This ends the proof of Lemma
3.2. O
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Remark 3.1. If —(N —2) < ¢ <0, then both Lemmas 3.1 and 3.2 show that

dL(f,9)(t O(1)ox o),
L0 L OO+ 28 e,

Since —(N —2) < 6 < 0 and N > 4, the above inequality with the help of the
Gronwall’s inequality immediately leads to

L(f,9)(t) < OQ)L(f,9)(0).

This gives the uniform L! stability estimate (1.15) in Theorem 1.2 for the case of
the soft potentials.

Finally we consider the L' stability of solutions to the VPB system for the case
of the hard potentials, i.e. 0 < § < 1. It should be noticed that the estimate similar
to (3.9) in Lemma 3.2 fails for this case because of the possible increase at infinity of

the term |v—v,|° in the collision kernel B(f, |v—w.|). To overcome this difficulty, we

will construct some new nonlinear functionals motivated by some known works!®:2°

on the L' stability of solutions to the Boltzmann equation without the external
force. For this purpose, let’s define

Voo (T, V) = /OOO E (t, X"(z,v)) dt. (3.11)

Then we have

Lemma 3.3. Suppose that

/0oo IE(t)]lsodt < oo (3.12)
Then for any (z,v) € RY x RY | voo(z,v) is well-defined with the uniform bound
sup 1o ()] < /Ooo ()| ot (3.13)
Furthermore if there exists some positive constant k > 0 such that
/000(1 R Bt < o, (3.14)
then one has

sup

z,v

t
1/ Vi (@,v)ds — v — veo(w,0)| = 0 as t — oo. (3.15)
0
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Proof. We only prove (3.15). In fact,

¢
‘ /stv)ds—v—vooxv :’1/ EGXexv))des—voo(xv)’
0 Jo

1
t

/ |E(0)][-cdbds.

/ E(0,X°%(x,v))d0ds

S

S—

| /\

when t > 1, by the integration part, we have

/ / |E)]|ocdbds

t
= [ 1E@ o+ ;[ )]s
) 1 1 t
< / G / VE(5)loods + — / SIE(s) loeds
t t Jo tJy
o) 1 1 1 t
< | E(0)]|ccdb + — HE(S)HoodS"‘m s" E(s)||ocds.
: t tmin{r1} [y

Thus from the assumption (3.14), we have
hm / / | E(0)|lccdfds = 0.
Hence (3.15) holds. The proof of Lemma 3.3 is complete. |

In order to control the integral A(f,g)(¢) for the case when 0 < 6 < 1, as in Ref.
11, let’s define nonlinear functionals A, and D, as follows:

MO = [ 1 =) dads

/RN [Voo (2, 0) + v — 0O (f + 9)(t, X (2, v), v, )dv,  (3.16)

Ve

and
Dulf)) = [ If gt taded [ (o) bo - o
RY xRN RY xR}
X(f 4+ g)(t, X (2,0) + Tn(veo (,v) + v — v,), vy )dv,dr,

(3.17)
where n(z) = z/|z| denotes the unit vector along z-direction for any nonzero vector
z € RN,

Remark 3.2. If the external force E(t, ) satisfies (1.14) and N > 3, then (3.12)
and (3.14) hold. Thus for any self-consistent electric force E¢(t,x) generated by the
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solution f(¢,x,v) to the VPB system in sense of Theorem 1.1, vy (2,v) is always
well-defined with the uniform bound:

sup |vso (z,v)] < O(1). (3.18)

In addition, if the external force field E(t,z) vanishes, i.e. E = 0, then we have
Voo (z,v) =0,
and
X(z,v) =2 +0vt, Viz,v)=r.

Thus the nonlinear functionals Ay (f, g) and Dy (f,g) reduce to

An(f,g9)(t) = / If — g|#(t,z,v)dzdv

RY xRY

/ v — v, °(f + ) (t, 3+ tv — v.), 0,)dv,
RN

Vx
and

Dulf.0)0) = [

S lf — g|#(t,:b,v)dxdv/ v — v, [0t
z Xy

RY xR}
<(f+g)*(t,z+t(v—v,) + mn(v — v.), v, )dv,dr,

which are exactly the same as ones in Ref. 20.

Furthermore, we define the integral I5(¢, z,v) by

Lt z,0) = / oo (2, 0) + v — v,
RN xR}

Xhe (X (038, X' (2, 0) + 7n(voo (@, 0) + 0 — v,),v,)])
xmg(|V(0;t, X" (z,v) + Tn(veo (z,0) + v — v4), vs)|)dvsdr. (3.19)

We first claim that Dp(f,g) can be bounded by L(f,g), which comes from the
following lemma.

Lemma 3.4. Suppose that the external force E(t,x) satisfies (1.14). If N > 4 and
0 < d <1, then we have that

sup Is(t,z,v) < O(1). (3.20)

t,x,v
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Proof. Fix any (¢,2,v) € R;f x RY x RY. It follows from Lemma 2.1 and Lemmas
4.2-4.4 that

Lt 2,0) < O(1) / oo (,0) + v — 02| ([us)
RN xR&

Vs

ho (| X" (2,0) = vt + Tn(voo (@, V) + v — v,)|) dvodT
<OW) [ fuele) 0= vl (oo,
R

. ha (| X (2, 0) = vt + Tn(voo (2, v) + v — v,)|) dT
R}

<OW) [ funelzy) + v . Tma(fo. o,
R}
<0(1).

Thus the proof of Lemma 3.4 is complete. O

From Lemma 3.4 above, it is easy to see that for any ¢ > 0,

D(f.0)(0) < O sup altivce) [ 1f =gl (b, 0)dad

t,x,v

< O(1)01L(f, 9)(1). (3.21)

Hence we shall construct the Glimm-type nonlinear functional®2?

Hi(f,9)(8) = L(f, 9)(t) + KDw(f,9)(t), (3.22)

where K > 0 is a positive constant. In view of (3.21), we see that for any K > 0,
Hr (f,g) is equivalent with the L' distance £(f,g) of two solutions, i.e.

L(f,9)(#) < Hr(f,9)(t) < OM)L(S,9)(t), Vi=0. (3.23)

Thus in order to obtain the uniform L' stability estimate, it suffices to choose the
proper constant K > 0 such that

Hi(f,9)(t) < Hk(f,9)(0), Yt=>0. (3.24)

This can be achieved by the following vital lemma.

Lemma 3.5. Suppose that the conditions of Theorem 1.2 hold. If 0 < 6 < 1, then
we have that

dt

O(1)5?2
(1+1¢)2

< —(1=0@1)81)An(f,9)(t) + L(f,9)(t). (3.25)
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Proof. First, notice that
O [f(t, Xt(w,v) 4+ mn(voo (T, v) + v — v4), v4)]
= (0 f)(t, X (z,v) + Tnyvi) + Vi(z,v) - Vo f(t, X' (z,0) + Tn,v,)
= J(f, £)(t, X (z,v) + Tn,vs) — v - Vo f (t, X (2,0) + ™0, 0,)
—E¢(t, X" (z,v) + Tn) - Vo f(t, X (2, 0) + Tn, vs)
+Vi(x,v) - Vo f(t, X (z,v) + 7n,v4)
= J(f, £)(t, X (z,v) +7n,v,)
—Ef(t, X"(z,v) + mn) - Vo f(t, X' (z,0) + Tn, vs)
+(VH{(z,0) — v — voo(2,0)) - Vo f(t, X (z,0) + 70, )

0, (Jvme (,0) + v — 0. F (8, X (@,0) + 7, 0.)), (3.26)

where for simplicity we have used n to denote the unit vector n(ve(z,v) +v — v.).
By the dominated convergence theorem, the following integral

/ e (,0) 0 = 0. B (o)
RYXRY xR,
Xho (| X (2, v) + 70 — vit|)mg(Jv.])dzdudo, (3.27)
tends to zero as 7 goes to infinity. Hence (3.26) together with (3.5) yields
Oc [If = gl*(t,2,0)(f + 9)(t, X' (w,0) + 7n, 0]

= Ol f — gl*(t, 2, 0)(f + 9)(t, X" (z,v) + Tn, v.)
+1f = gl* (2, 0)0 [(f + 9) (&, X' (2,0) + 0, v.)]
< (SH(f =91, 1)+ S (9. 1f = aD)) (b2, 0)(f + ) (&, X" (w,0) + 70, 0.)
+HEy — Ef|#(t,2,0)|Vogl# (&, 2,0)(f + 9)(t, X (2,0) + 71,0,
+f =gl (2, 0)(S(f, f) + S(9,9))(t, X (,0) + 70, v.)
+f =gl (2, 0) (1B ()l o Vo f| 4+ 1By (8) 00| Vg ) (8, X (2, 0) + 712, 0.)
Hf =gl (2, 0)[VH(2,0) = 0 = veo (2, 0)[(IVa f| + [Vagl) (t, X (2,0) + 70, 0.)

+0r [[voo (2, 0) +v = v | f = 9| (t,2,0)(f + 9) (¢, X (2,0) + 70, 0.)] -
(3.28)
Multiplying the inequality (3.28) by |veo(z,v) + v — v,]°~! and integrating it over
the domain D = RY x R} x RY x R leads to

dt

5

i=1
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where J;(t), i = 1,2, 3,4 are defined as follows:

Jy(t) = /D o (2, 0) + 0 — v PUSH(F — gl ) + S (g, |f — a)(t,,0)
(f +9)(t, X (x,v) + Tn, v, )dwdvdv,dr,

Ta®) = [ o) + 0 0B, Byl (t2,0)]Tag (12, 0)
D

(f +9)(t, X (x,v) + ™n, v, )dzdvdv,.drT,

Js(t) = /D om0 (2, ) + v — w1 — g[# (1,2, v)

(S(f, f) +S(g,9)(t, X' (x,v) + ™n,v,)dwdvdv,.drT,

10 = [ o) + 0= B el ~ g1#(0,2.0)

(IVof| + Vgl (t, X (z,v) + Tn, vi)dzdvdv,dr,

J5(t)=/D Voo (2,0) +v = v "7V (2, 0) = v — Ve (@, )] - |f — gl# (t,2,0)

(Vo f| + [Vag)) (@t X (2, 0) + 70, vy )drdvdo,dr.

For Ji(t), it follows from Lemmas 2.1, 3.4 and 4.2 that

WO = [ SH =l )+ SF (0.1 = gDt 0)deds

/ . oo (2, 0) + v — v [° X f + 9)(t, Xt (2, v) + Tn, v, )dv.dT
R{)V* xRT

< 0(1)51/ (S*(If =g, /) + 8% (9,1 — gD) (¢, 2, v)dadv
RY xRY
/ Voo (2, 0) + v — 0. ]° " Lha (| X (058, X (2, v) + T, v.)|)
RY xR}
mg(|V(0;t, Xt (2, v) + mn, vi)|)dv.dr
<OWdsw h(trw) [ (SH(F =gl f) + S*(@.11 ~ g)(t.w.0)dodo

t,x,v RYXRY

< O(1)61A(f, 9)().
(3.30)
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Furthermore we have from Lemmas 2.1, 3.2, 3.3 and 4.2 that

A(f,9)(t)
= / |f—g\(t,x,v)dmdv/ \v—v*\‘s(f—l—g)(t,x,v*)dv*
RY xRY RJ
= [l =gt odade
RY xR
/ |Vt(ac,v)—v*|‘5(f+g)(t,Xt(;v,v)7v*)dv*
RY,

<o [ I —slftaodsds [ (f+0)(t X' 0)0.)

(lvos (@, 0)° + [V (2, 0) = 0]’ + [voo (2, v) + v = v.]°) dvs

<OMMFa)®+00) [ I = gl(ta0)(f + 9) (¢, v.)dodui,
< O 9)(0) + T £ 9)(0)
(3.31)
Putting (3.31) into (3.30), we have
B0) £ OWBANF9)(0) + TSk ()0 (3.32)

For J5(t), we have from Lemma 3.4 and (3.7) that

Ja(t) = / |Eg — Ef[*(t,2,0)|Vog|* (¢, 2, v)daedv
RYXRY
/ [Voo (2, 0) + v — v, 22 + g)(t, Xt (z,v) + T, v,)dv.dr
RY xRT

< 0(1)61 sup 13(ta €, U) / |Eg - Ef‘#(ta z, U)|vvg|#(t7 z, v)dxdv
RY xR

t,x,v

— 0(1)éy / |y — Ef|(t,,0) [ Vog|(t, 2, v)dado
R;\’ ><R{,V

O(1)8?

< Wﬁ(ﬁ 9)(t).

(3.33)
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From Lemmas 2.3 and 3.4, J3(t) is estimated as follows:

a0 = [ Af=gltadede [ o) bo - o
RN xRN RY xRf

(S(f. ) +S(g:9)(t, X (2,v) + 0, v.)dv.dr

(’)(1)55/ /
< — g|(t, x,v)dzdv Voo (Z,V) + v — v,
v AL GO L) N

0—1

ha—1/2 (|X(O;t, X'z, v) + Tn7v*)|)

mpg—n (}V(O;t?Xt(mv'U) + TTL,U*)D dv.dTt

0(1)82
< L pE U0, »

where the last inequality comes from the same proof of Lemma 3.4 and we have
used 0 <6 <1,a>(N+1)/2and 0 <n < B — N/2. Similarly, for Jy(t), we have
from Lemma 3.4 and (1.14) that

I = max{ B (O |2, O} [ 17 = gl (b0 0)dade

v

/N ) |Voo (2, 0) + v — v*|5*1(|va| + \va|)(t,Xt(:c,v) + TN, v )dudT
RU*XR.,-

< (9(1)51(1+t)max{||Ef(t)||ooa||Eg(f)\|oo}/RN . |f = gl* (¢, 2, v)dadv

/ oo (2, 0) + v — 0,71
RN xR}

Uy

he (‘X(O;t,Xt(x,v) + T’I’L,’U*)‘) mg (’V(O;t,Xt(x,v) + TN, vy)

)d’U*dT
< O(1)61(1 + t) max{|[Ey(t) o, [ Eg () loc FL(Sf, 9)(2)

O(1)s¢
< Wﬁ(ﬂ 9)(t). )

Finally, to estimate J5(t), by noticing from (1.14) that

[Vi(z,v) — v — voo(x,0)| =

/ " B0, X° (2, 0))d / B0, X (2, 0))d6
0 0

/t h E(G,X‘)(x,v))cw‘

< / eI

0(1)
< m (3.36)
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similarly we have

O(1)5?

J5(t) < ———=L_L(f,9)(¢). 3.37
1) < e (3.37)
Since N > 4, combining (3.29) and (3.32)-(3.37) gives (3.25). Thus the proof of
Lemma 3.5 is complete. O

Corollary 3.1. Suppose that the conditions of Theorem 1.2 hold. For the case of
the hard potentials, i.e. 0 < 6 <1, if 61 > 0 is sufficiently small, then we have the
L' stability estimate (1.15).

Proof. Firstif 0 < 6 <1, then it follows from Lemma 3.1 and the inequality (3.31)
that

LI < oAl + 5 R Pr= L0
< {000 + TR0 b+ o600

< O 9)(0) + 2= £ 0)().
(3.38)

Recall (3.22). Multiplying (3.25) by the constant K > 0 and adding it to (3.38), we
have that

(9 1 1)Kot
(9( O(1)é1)) An(f, 9)(t)

O(1)d, O(1)K 2
t). 3.39
{(1 T G L0, (339)
Now let §; € (0,1) sufficiently small such that 1 — O(1)d; > 1/2 and furthermore
K > 1 sufficiently large independent of ¢; such that O(1) — K/2 < —1. Then since
N > 4, we have from (3.39) that

dHk (f,9)(t)
dt

O(1)d,
(1+1)2
which together with the Gronwall’s inequality yields

+An(f9)(t) < 5 Hi (f,9)(1), (3.40)

Hac(F0)(O) + [ An(F.0)()ds < O Hi(£.)0). (3.41)
Immediately we have from (3.23) that
L(f,9)(t) < Hi(f,9)(t) < OMHk (f,9)(0) < O)L(f, 9)(0), (3.42)
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i.e.

1£(#) = 9@l < O] fo = goll1- (3.43)
This ends the proof of Corollary 3.1. O

Finally combining Remark 3.1 and Corollary 3.1 leads to the proof of Theorem
1.2. Thus we are done.

Remark 3.3. If we consider the more realistic physical case, i.e. the VPB system
in the phase space RY x RY with the dimension N = 3, then the uniform L*
stability estimate (1.15) can not be obtained by using the same method in the
proof of Theorem 1.2. In fact for N = 3, we can only obtain the local-in-time L'
stability estimate under the same assumptions of Theorem 1.2 as follows:

I(f = 9Ol < @+ D1 fo — gollr

Even though we have solved the uniform L' stability only for N > 4, the analysis
could be useful for the case N = 3 and it will shed some light on the stability analysis
for more complicated system such as the Vlasov-Maxwell-Boltzmann system. We
will pursue the proof of the uniform L' stability for these physically important
models in the future.

4. Some Known Lemmas

The following lemmas are known and hence their proofs are omitted. Interested
readers may refer to References?3411:19:21.22 for details of proofs.

Lemma 4.1. Let p(z) € LYRY) N WL2(RY) and ¢ = 1/|z|N=2 % p. Then we
have

2/N

Il < Ol 1| & -2/¥,
N

V¢ lloe < Ol ol —1/N,

1V26]l00 < OMIVap| XM o2 1ol VDA,

where A € (0,1/(1 4+ N)) is any constant.

y) € RN x RN, we have that
ha(|z])
ha(lz +yl)
Lemma 4.3. For any o > 1/2 and u € RN with u # 0, we have that
o)

ul

Lemma 4.2. For any o > 0 and (z,

(L+ lyl + )~ < (14 [yl + [y

sup/ ha(|lz + su|)ds <
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Lemma 4.4. For any 0 <~y < N and 8 > N/2, we have that

1
sup/R ﬁm5(|u|)du < O(1).

v ~ v —ul
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