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Abstract

This paper is about the propagation of the singularities in the solutions to the
Cauchy problem of the spatially inhomogeneous Boltzmann equation with angular
cutoff assumption. It is motivated by the work of Boudin-Desvillettes on the propa-
gation of singularities in solutions near vacuum. It shows that for the solution near a
global Maxwellian, singularities in the initial data propagate like the free transporta-
tion. Precisely, the solution is the sum of two parts in which one keeps the singularities
of the initial data and the other one is regular with locally bounded derivatives of frac-
tional order in some Sobolev space. In addition, the dependence of the regularity on
the cross-section is also given.

1 Introduction

Consider the Cauchy problem of the Boltzmann equation

of+&-Vuf =Q(f, f), (1.1)
with initial data

Here f = f(t,z,€&) is a non-negative function standing for the number density of gas
particles with position z = (21,22, 23) € R? and velocity & = (£1,&,£3) € R? at time
t > 0. @ is the bilinear collision operator defined by

Q(fvg) = Q+(f>g) - nga

+ — / / _ é_f* . )
Q (fag) Rg[éf(tv‘/pv&.)g(tal‘ag*)B (5 5*7 |£_§*| w dg*dwa
_ e 76
Lg _R?:/ég(tvxug*)B (5 5*, |§_§*| w) dé*dwv
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where the relation between the post-collision velocity pair (£/,£.) of two particles with the
pre-collision velocity pair (£, &) is given by

5,25_(5_5*)"‘1“% fiZE*—F(&—ﬁ*)'WW, w e 52

Here, B(-,-) depending only on |{ — &, | and (£ — &) - w/|€ — & is called the cross section
characterizing the collision of gas particles for various interaction potentials. As usual, set

A(z)z/B(Z’,f-u)dw, 2 € R,
z
SQ

Then Lg can be written as

L= Aweg= / A(E — €)g(t, 7, £.)dE...
R3

In what follows, we assume that

A1l. B(-,-) is a non-negative measurable function in the form of

B (z,cos60) = |z|7b(cosh), cosf = Zow.

E

Here 0 < v < 1, and b(-) satisfies the Grad’s angular cutoff assumption [15], with

/b(cos 0)dw = by, 0 < b(cosh) < by,
SQ
where by, b; are positive constants.

Recently, Ukai-Yang [26] proved that under the assumption Al, the Cauchy prob-
lem (1.1)-(1.2) for the Boltzmann equation is well-posed globally in time near a global
Maxwellian in function spaces without any regularity condition on the derivatives. To be
precise, without loss of generality, let the global Maxwellian M(-) be

M) = (27:)3/2 exp <_’£2‘2> '

The function space Xz is defined by
Xy = (RS < BY) N LIRS L3 (RY),
with norm
lgllx, = H9HL2(Rngg) + H(Qﬂg”Lw(Rngg),

where (€) = (1 + [€]?)Y/2 and g = g(x,€). Then the following existence result was proved
in [26].

Proposition 1.1. Let 8 > 3/2 and the condition A1 hold. There are positive constants
0o and Cy such that if the initial data satisfies

fo(w, &) = M(§) + v/M(§ug(,€) =0, = €R* R,
ug € Xg, |luollx, < do,
then the Cauchy problem (1.1)-(1.2) has a unique solution

flt,z, &) = M(€) + VM(&u(t,z,€) >0, t >0,z R £ cR
u € L¥(Ry; Xp), sup [u(®)lxs < Colluollx,-



Propagation of Singularities for the Boltzmann Equation 3

The purpose of this paper is to study the regularity of the solution f, or equivalently,
the perturbation u obtained in the above proposition. As in the case of small pertur-
bation near vacuum studied by Boudin-Desvillettes [8], we prove that the solution f in
Proposition 1.1 can also be written into a sum of two parts in which one corresponds
to the free transportation of the initial data with a coefficient decaying exponentially in
time and having fractional derivatives in some Sobolev space, while the other one is just
regular with locally bounded fractional derivatives. This shows that for the solutions near
a global equilibrium, the singularities of the initial data also propagate along the free
transportation. To state this theorem, we need one more assumption given below.

A2. The angular part b(-) in the cross section B(-,-) satisfies

ob
(y)‘ < b27

sup By

ly|<1

where by > 0 is a constant.

The main result in this paper can be stated as follows.

Theorem 1.1. Let the conditions A1 and A2 hold. Suppose that there is a solution f to
the Cauchy problem (1.1)-(1.2) such that

ft,2,€) = M(§) + VM(&ult, z,6) >0, t>0,x R’ E€R, (1.3)
u € LRy L*(R x RY) N L=(R3 x RY)). 1.4

Then f can be written as

f(ta 1"75) = fO(I - €t7£)r\l(t’x7£) + F2(ta I)f)a (15)
for allt >0, z € R, £ € R3, where there exits ag = ap(7y) > 0 defined by
1 .
257 Zf Y= 07
ao(7) = { ! (1.6)
53+27) if 0<y<1,
such that
I',Ty € H (Ry x RS x RY) (1.7)

for all o € (0, ). Equivalently, for the perturbation u, we have

u(ta$a€) = UO(CL' - étag)fl(ta$a§) + fz(t,l‘,f), (18)
', Ty € Hip (Ry xRS x RY), 0<a<ao.

Remark 1.1. By Proposition 1.1, there ezist solutions satisfying (1.3)-(1.4) required in
Theorem 1.1. Howewver, for the study of propagation of singularities, so far we don’t need
the decay of the scaled perturbation u in the velocity variable even though it is needed in the
existence theorem, that is, the index (3 in the space Xg is greater than % i the existence
theorem while B is zero in Theorem 1.1. It would be interesting to find out whether the
Cauchy problem (1.1)-(1.2) is well-posed in Xg when 3 < 3.

Remark 1.2. Notice that the index ag(7y) obtained in Theorem 1.1 has a jump when
v = 0. This index in the Sobolev space shows the effect of the kinetic part |z|7 in the
cross section on the reqularity in the solutions. The index given here is by no means to be
optimal even though it gives some interesting relation between two indices.
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Now let us review some related research to the problem considered here. In the last two
decades, there is an enormous literature on the study of regularity properties of solutions
to the Boltzmann equation with or without the Grad’s angular cutoff assumption. In the
non-cutoff case, the solution is more regular than the initial data because the non-cutoff
collision operator behaves like a fraction of Laplacian which has regularizing effect on
the solution, cf. [2] and references therein. In fact, there are a lot of works and there
is a satisfactory theory for the spatially homogeneous Boltzmann equation, cf. [11] and
references therein. For example, the C* regularization property of weak solutions for the
Maxwellian molecule and the regularized hard potentials was proved in [3, 4] by using the
Littlewood-Paley decomposition, and the Gevrey regularity for the Maxwellian molecule
was obtained in [10, 22]. However, the progress on the spatially inhomogeneous Boltzmann
equation without cutoff is much less, cf. [5] and references therein.

On the other hand, in the angular cutoff case, regularity properties of solutions are
completely different from those for the non-cutoff potentials. In the cutoff case, the reg-
ularities as well as singularities of the initial data propagate in time according to the
hyperbolicity of the equation. In the content of the spatially inhomogeneous Boltzmann
equation, this kind of propagation for solutions near a vacuum was first studied in [8]. Tt
was shown that the solution at time ¢ > 0 has the same regularity as the initial data. An
extension of this result to the Vlasov-Poisson-Boltzmann system was recently given in [6].
We would also like to mention that the case of the space homogeneous equation has been
extensively studied in [23].

Based on the existence result stated in Proposition 1.1, the study in this paper is
motivated by the work of [8] for the perturbation of vacuum. What plays the key role
in the whole analysis is still the combination of the velocity regularization properties of
the positive part in the Boltzmann operator [7, 20, 21, 28] and the spatial regularization
properties from the averaging lemma [9, 14]. However, some differences in the proof for
Theorem 1.1 from the one for the result near vacuum can be explained as follows. Under
the current consideration, the perturbation does not decay exponentially in the space
variable which is the case for the perturbation of vacuum studied in [8]. In fact, the
solution studied in [8] satisfies

0< fit.2.6) < Crosp (~glo - et +16P). (1.10)

for any 0 < t < T, x € R3 ¢ € R? even though it can be generalized to algebraic
decay in the space variable. Now the perturbation of the global Maxwellian still decays
exponentially in &, but it is only bounded in L°°(R3)N L?(R?) in x variable. Hence, instead
of using the direct pointwise bound like (1.10) for the vacuum perturbation, we need to
use the uniform bound on the perturbation in the function space (1.4). In addition, only
the bounded cross section satisfying

B(z,cos6) € L®([—1,1]; W (R3)),

was considered in [6, 8]. In this paper, both the hard potentials with angular cutoff and
the hard sphere model are considered so that the analysis involves more subtle estimates.
Notice that the analysis in this paper can be applied to the study on the perturbation
of vacuum provided that the pointwise bound (1.10) is replaced by a weaker assumption,
that is,

€7

0 < exp (4> F(t,2,€) € I(0, T); L3RS x RY) 1 L(RS x RY)),
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where the exponential weight can be changed to some algebraic weight (£)* for some k
large enough.

Finally, we would like to mention some other related works on the well-posedness
theory of the Cauchy problem for the Boltzmann equation, that is, the global renormalized
solution in [12], global solutions in R® near Maxwellians in [13, 18, 24, 25, 26], global
solutions near a vacuum in [16, 17, 19]. Interested reader can find the review paper [27]
for more detailed references.

The rest of this paper is arranged as follows. In Section 2, we give the line of proof for
Theorem 1.1 and list some basic lemmas. The regularities of the loss term and the gain
term are obtained in Section 3 and Section 4, respectively. The proof of Theorem 1.1 is
given at the end of Section 4.

Notations. Let N > 1, £ > 0 be integers and Q@ C R”Y be an open set with smooth
boundary. Li(Q), with 1 < p < 00, k € R denotes the weighted Lebesgue spaces with
norms

1/p
g = ([(@r@r) L 1<p <o

and

115y = supl€)* I/ (€)1
£en

In addition, W4P(Q), WtP(Q), 1 < p < oo denote the usual Sobolev spaces and homoge-
neous Sobolev spaces respectively, with the convection H! = W42, H¢ = W52, Further,
we will use W*P(Q), with 0 < s < 1,1 < p < oo to denote the fractional Sobolev spaces
with the norm

1/p

_ p
ooy = (161, + [ Ve dean

QOxQ

Throughout this paper, C' denotes a generic constant which may vary from line to line. If
the dependence of the constant on some parameter, for example a, needs to be specified,
then the notation C, will be used. Finally, Br denotes a ball with center at origin and
radius R.

2 Mild Form and Basic Lemmas

Write the solution f to the Cauchy problem (1.1)-(1.2) in the mild form

t
f(t,i(f,£) = f(](.%' - £t7§) €xp <_/ Lf<97$ - ‘5975)d9>
t N 0 t
+/0 QT (f, f)(s,x —&s,8) exp (—/ Lf(f,x —50,5)d0) ds,

and set

t
't =exp </0 Lf0,z— 59,§)d9) ,

t t
FQ = /0 Q+(f7 f)(SPT - 5875) eXp (_/ Lf(97x - f@,g)d@) ds.
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As in [8], in order to prove Theorem 1.1 for the regularity of I';, I'y with fractional Sobolev
derivatives, it is equivalent to show

Lf,QT(f, f) € LRy Hi (RS x RY)), Vo€ (0,a0),

for some ag > 0. In fact, one has

Lf =A% M+ Asxe (vVMu), (2.1)
QT (f, f) = MA ¥ M + Q" (M, vVMu) + QT (VMu, M)
+QF (VMu, VMu). (2.2)

Notice that A x¢ M, MA ¢ M depending only on § are C'-smooth functions. Thus, it
suffices to consider the regularity of other terms. Firstly, for the convolution term in L f,
the velocity regularity follows naturally from that of A(-), whereas the spatial regularity
will be obtained by the averaging lemma proved in [9] stated as follows.

Lemma 2.1 ([9]). Let T > 0 and f € C([0,T]; L>(R3 x RZ’)) Suppose
gt x, &) = 0uf (t, 2, ) + & - Vo f(t,2,€) € L*([0,T] x RS x RY).

Then for any ¢ € CSO(RE’), the average quantity
poltsa) i= [ 1tz (€
R3

satisfies
py € L*([0,T]; H'?(RY)).

In fact, for any s > 1, we have

o6l L2 o, rps 1172 3 y) < Cs // (0,2, )P[0 (€)*(€) ** dwd
R3xR3

+ /// gt 2. )P (©)2 (€) P dudedt | |
[0,T]xR3 xR3

where Cs is a constant depending only on s.

Actually, we can apply the above lemma to the following equation for v Mu:

Oy (VMu) + € - V. (VMu)
= Q1T (M, VMu) + QT (vVMu, M) + Q* (vVMu, vVMu)
~MA x¢ (VMu) — VMuA ¢ M — VMuA ¢ (VMu). (2.3)

On the other hand, the terms in QT (f, f) are regular in the velocity variable by the
following lemma proved in [7], which in turn will lead to the regularity in the spatial
variable with the help of the velocity mollifier and the aforementioned velocity averaging
lemma.
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Lemma 2.2 ([7]). Under conditions A1 and A2, for any € > 0, there is a constant C.

depending only on € such that for any f,g € L%(Rg) N L?3+e)/2(]R§), one has

Q*(f.g9) € H'(RY),
and
+ . 3
1Q (f,g)HHl(Rg) < Ce(br + b2)HfHL<23+E>/2(]R2)”g|’L%3+E)/2(Rg)'

Finally, for later use, we list some basic estimates whose proofs can be found in [1, 25].

Lemma 2.3. Let s > —3, A > 0. There is a constant Cy  depending only on s, A, such
that for all £ € R3, it holds

/ €~ & exp(—A&2)dE, < Curlé)®.
]R3

_ 1,00 1/2
Lemma 2.4. Let f = f(z) € W;;>°(R?). Then f € H,/;

loc

such that for any R > 0, it holds that

(R3), and there is a constant C

3
1172y < CR2|[fllwtoe (Br)-

Lemma 2.5. Let h € R3. Denote the shift operator 7, by T f(x) = f(x — h). Then for
any f € HY2(R3), it holds

1
Imf = Fllizs) < 1l 1112

Lemma 2.6. Let ¢(&) be the standard mollifier, and 1s(-) = 6%1/1(3), for § > 0. Then for
any f = f(&) € HY(R?), it holds

1f = s *¢ fllrzms) < CwaHHl(RS)(Sa

where Cy, is a constant depending only on .

3 Regularity of Lf

Recall the representation (2.1) of Lf. Firstly, we consider its regularity in the velocity
variable.

Lemma 3.1. Under the assumptions of Theorem 1.1, it holds
Axe (VM) € L2(0,T] x RE; HY2(Bg,)),
with

3
[ A xe (VM) L2 (0.1 xr3;11/2(By, ) < CR? <R>’Y\/T||uHL°°([O,T};L2(R§ng’))'

BR5

Proof. By the Holder inequality and Lemma 2.3, we have

A xe (VMW)? < / A6 — £)PM(E)de, / u(t, 2, €.)[2de.
R3 R3

< Cnie)® / fult, z, &) 2dé,.
R3
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Similarly, it holds that
Ve (A xe (VMu))|? = |VeA x¢ (VMu)|?
< Ch(&)* 2 / u(t, , &)|*dé. < Cbg / u(t, z, &) |2 dé..
R3 R3

Thus for any ¢t > 0,2 € R3, we have

14 e (VM) (5, ) < CholRY? a2, ) | o)

This together with the imbedding VV1 Cm(R?’) — Hl/Q(R?’) stated in Lemma 2.4 completes
the proof of the lemma.
O

As in [8], the regularity in the space variable follows from the velocity averaging lemma.

Lemma 3.2. Under the assumptions of Theorem 1.1, it holds
Ax¢ (VMu) € L*([0,T] x Brg; H'*(R3)),
with
A% (VM) 52 011 3y 1/2m3)) < OB (R) N (),
where
Nr(w) = luollp2(re xrg) + VT lull oo oz xipyy (1+ lullzmpryeraseg) - (3:1)

Proof. Firstly, by applying Lemma 2.1, we can obtain

45 (V) B ey < | 14 (VMO a0

BRE
N YR
= PA(E—)ex

i < C, / 0(6) + L(O)dE,  (3:2)

Br, N I lleaqorsmas))
where
e e e Pere e 33)
J:f*
2
M(&« » Ly G
R - [[ ‘@tm.vx) EREDE) a6 - e)Percre)™. (34
t,x,Ex

Here and hereafter, e, denotes

ex = ex(§) = exp(—A[£[?),
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for A > 0 to be chosen later. For simplicity, the following multiple integral notions are

T e e [ffer- ] s

R3 xR3 2, [0,T] xR3 xR3
We estimate 11 (), I2(§) as follows. For I;(£), notice that
A(E = &) S hil§ = &7 < ba(l€] + 1617 < bi(€)7(&)
Define the function M) (&) by
M(€) = (€)7 exp(=AIEP),

and the corresponding constant M) , o by

M) y,00 = sup My 5(€).
£eR3

Then we have

[
R(©) < CME 1 [[ o (<55 1+ 206 ) ot €2
z,8
< Cb%M/%,s+'y,oo<£>2’y“u0|’%2(RgXRg)7 (3.5)

when A < 1/4. Similarly, for I5(£), it holds that

2
Q<508 [ff 006w YR
t,x,Ex

(3.6)

Recall the equation (2.3) which is satisfied by vMu. We need to estimate the L?([0,T] x
R3 x R?) norm for all the terms on the right hand of (2.3). Firstly, for Q* (M, vVMu), we
have

rQ+<M f Mu)| _ QF(VM, VMlu|) _ M(£)s
= ex(©) NG

/Bg €., cos O)M(E)IM(EL) Hut, 2.€1)|

Q" (M3, M5 [u])

l
6

D=
N|=

< Cerinn(6) // B(¢ — £, cos0)?M(£) S M(£,)’} // M(¢)EM(E)) [ult, . £) 2
Exyw Exsw

1
2

< Cbrey iy r(€ // M(¢)EM(EL) S ult,, )| .

5*7

Q«

where we have used

/ B(¢ — £, cos0)?M(£)SM(£.) < © / (€2 (€)PM(E) M(£,)b
Exsw Ex
< Cb%Ml/G,Zw,oo
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Similarly, for Q1 (vMu, M) and Q" (vMu, vMu), it holds that
1
2

< Chies () // M(¢)VEM(E) S [ult, 2. )|

5* W

QT (vMu, M)
ex(§)

and

Q* (vMu, VMu)| _ Q* (vM]ul, VM)

(@) = ex(€) HUHLoo([o,T]ngng)

N|=

M(E)5[u(t, o, &)

=

SCb161/12_A(€)||U||L°°([0,T]XR%XR@ //M(f’)
S

For the loss terms, straightforward calculation shows that

1

2

< Chieipa @ | [ lutn &P
Ex

IMA ¢ (VMu)| _ VMA 5 (VMu)

ex(§) ex(§)
|VMuA x¢ M|
————— < Cbiey/1o— u(t, z,€)|,
G < Cbiegjia-a(§)ult, =, §)|
and
vVMuA *x¢ (VMu
| e ) < Cbieyjra-A(&)|ull poo 0,1y xr3 xr3)ult, 7, €.
ex(§) ¢
Therefore, by combining all the above estimates, we have
2
M t? )
ex(§)
t,x,&
1 1
< Cb% (1 + HUH%M([QT]Xmngg)) X /“'/61/62/\(§)M(£I)3M(§i)3 (‘U(tvxa§;)|2 + ]u(t,x,§’)|2)
t,x,£,6x,w
4O (14 [l oirnsnsgy) [ [ s ar©luttF + €8 [[[ [ eoanlutto 6P
t,xz,& t,x,&,6

Thus by choosing A = 1/24 and further making the change of variable (&,&.) — (&/,&L),
the above inequality together with (3.6) yield
I(§) < Cb%TMis+’y,oo<§>2,yHUH%N([QT];L?(R%xR%)) (1 + H“Hioo([o,T]ngng)) - (3T

Putting (3.5) and (3.7) into (3.2) gives the desired estimate. This completes the proof of

the lemma.
O

Corollary 3.1. Under the assumptions of Theorem 1.1, it holds
Axe (VMu) € L*([0,T]; H'*(RS x Bg,)),
0 < Lf € L*([0,T); H2(RS x RE)) N L2(0,T] x R3; LS, (RY)).

loc
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4 Regularity of Q*(f, f)

Recall the expansion (2.2) for Q1 (f, f). For simplicity, denote
S? = QY (M, VMu), S¢=Q*(VMu,M), S¢=Q*(VMu,VMu).
The regularity in the velocity variable for each term above follows essentially from smooth-
ness of the operator Q* (-, ).
Lemma 4.1. Under the conditions of Theorem 1.1, for each i = 1,2,3, it holds that

S? € L*([0,T] x R3; H'(R])) N L((0,T] x R3; H'(RY)),
and

HSZ-QHL%[O,T]ng;Hl(Rg)) <C(b + bQ)ﬁHUHLOO([O,T};L%Rgng’)) (1 + HUHLOO([O,T]ngng)> ;

HSz‘Q||L°°([0,T]><R§;H1(]Rg)) <C(bi+ b2)ﬁ||u||Lw([o,T}ngng) (1 + HUHLOC([O,T]ngng)) .
Proof. From the proof of Lemma 3.2, it is straightforward to show that
S2 € L*([0,T] x RS x RE) N L=([0,T] x RS; LX(RY)).
Then, it follows from Lemma 2.2 that

1520 i1z < Celbr +02)Mllgs WMl = 1,2,

1551 (m2) < Ce(br +b2)HrUIIIL2

34e)/2”

where ¢ > 0 is fixed. Thus, taking L2([0,7] x R3) or L>([0,T] x R3) norms on both
sides of the above inequalities gives the desired estimates. This completes the proof of the
lemma.

O]

Next, we consider the spatial regularity of SZ-Q. In order to use the velocity averaging
lemma, as in [8], we use the mollifier to construct some velocity averaged quantities. For
this, let ¢ € C° (Rg) and consider the integral

/ S9(t,2,€)6(€)d = /// M) /M€ Ju(t, 2, £)S(E) B(E — £, cosh)

&6x,w
— [[ M@ VM@t o) 2% €, (4.1)
&«

where

5(6.6) / B(E — &, cos D)€ — (€ — &) - ww)dw

Similarly, corresponding to 52 , SQ, set

[ 8006 = [[ V@l n. M) 2,60, (4.2)
R3

&6«
/ SQt, 2, €)6(¢)de = // UM@ult,z, ) VMEult, .6 25,6, (4.3)
R3 &6«

The following lemma is about the pointwise estimates on Z¢.
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Lemma 4.2. Under the assumptions A1 and A2, for any &, &, it holds that

1Z2(&,6)| < Chi||8]] oo € — &7 (4.4)

Furthermore, for any n,ns, it holds that for v =0,

1Z22(€,60) — Z2(n,ma)| < C(by + b2)[[dllwr.ce sy (1€ — 0l + |€ — m4]), (4.5)

and for 0 <y <1,

129(&, &) = Z%(n,m.)| < C(br +02) |6l wr.oo s € — &l (1€ = ] + [€« — 1))
FCb1| ¢ oo ) (1€ = 0|7 4 1€+ — n4]7). (4.6)

Proof. By Al and A2, (4.4) and (4.5) follow from straightforward calculations. For (4.6),
79 is rewritten as

where

Yo(E,£,) = / b(cos )p(E — (€ — &) - ww)do.

w

Notice that Y?(¢,£,) enjoys the same estimate as in (4.5) and

1€ =&l = [ =l S NE =&l = I =] < 1E = |7 + & — 7.

Hence (4.6) holds. This completes the proof of the lemma.
U

We now show that the velocity averaged functions given by (4.1), (4.2) and (4.3) are
regular in the space variable.

Lemma 4.3. Let the conditions A1, A2 hold. For any |h| < 1 and each i = 1,2,3, we

have
2
// dtdz /ng(t?erhaf)(Zﬁ(ﬁ)df—/Sf’?(t,x,g)qﬁ(f)dg
[0,T]xR3 RS R3
< CEr(u)?(|@|[f1.00 () Py (h), (4.7)
where
Kr(u) = Nr(u) (1 + HUHLM([O,T]XR§><R2)> (4.8)

with Nrp(u) defined by (3.1), and Py(h) is defined by

Bl5,  if v =0,
P, (h) = ” (4.9)
W75, if 0 <~y <1
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Proof. Firstly, consider the case of i = 1. Rewrite the averaged function (4.1) by

/ S2(t, 2, E)6(€)dE = J + o, (4.10)

I = //M VMEult,z, &) // (1, 72)0e(€ — bels — 1), (4.11)
&,Ex 77,M%

Jy = //M MEJult, 2, €.) // (€6) — Z(n. )0l — )elEe — ), (412)
&,€x 7,M%

where (+) is a standard mollifier, and () = E%w(g), with € > 0 to be determined later.
Furthermore, J; can be rewritten as

Jy = // (1, 74) Pupe (=) (VM) ( tiﬁ/M Je(€ — ).

577

Then one has

// i = nP = [[| [[ 2000 [ = 1000 (0] (0) [ M©uite =)
13

t,x 7,M%

2

From Lemma 4.2, we have

1Z(n,m:)| < Cll]| oo msyln — |
< Ol o may(In — €17 + 16 — | + [E]7 + 4]7)
< Ol poo 3y (267 + [§]7 + [€4]7),

for any |£ — n| < € and any |£. — 1.| < €. Therefore, we obtain

[ 173 = 2P < CRI61 e gy (11 + i+ o), (4.13)

t,x

where
2

gu= [[| [ |ln = 1200, ¥0)] )] [ Mi©ie =)
t,x &m

UES

ne= [[] [0 = 100 (VP0)] 2] [ [ 1ePME@ et~ )|

U 5777

s = // [ = 100 (VDT 20 ! M(E)u(€ )

UE

In the following, we will only estimate J;; because Ji2 and Ji3 can be estimated similarly.
In Ji1, the integral over 7, £ is bounded uniformly in €, that is,

[[M©uie-n= [me <c
n,€ 3
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Let A > 0 be a small constant to be determined later. Then it follows from the Holder
inequality and Lemma 2.5 that

Jn < // /\ (70— Td)p1 gy (VD)) (1 x)\
< // / exp(-Aln. ) [ expNne )| [(7 = 1o (VD] (1.2

t,x 1M« s
2
h vVMu
S 13/‘2 exp()\|77*| ) p’lﬂg('—ﬁ*)e,\ ( e )
0. Ao,y En e sy

This together with Lemma 2.1 give

Jin < )\3/2‘ /eXP Aln?) //‘\ﬁ (z 5*)
T
/I

t7x7£*

Ve (&s — 77*)2€>\(€*)2<£*>2s

YM(Eult.r &) i

_ 26 2 2s | .
ex(éx) Ye(& — i) "en(86)7 (&) (4.14)

Notice that
exp(A|n«|?) < exp(2A|&, — ] + 2M&]?) < exp(2Xe® + 2M|&. %),

holds for any |, — .| <€, and

[wde.- / veleyde < .
:

where Cy, is a constant depending only on . Putting these estimates into (4.14) yields

Cc,C (2X€2)|h ! . .
s < CCoo DN ([ Ilr6 e e
€
2
+/// (O + & V) mfi?f(?)x’g*) ex(6)* (&)™
t,x,Ex

As for the estimates on I;(§), I2(£) given in (3.3) and (3.4), we can suitably choose some
small constant A > 0 such that

CsCy exp(2Xe?)|h|
T € T MR el e i

+b%M§,s,ooT||U||Loo([o,T];L?(Rgng)) (1 + ||U||L°o[0,T]ngxR3>]

3
2 exp(2A2) [

< CyNr(u) 3
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where Np(u) is defined by (3.1). Similarly, it holds that

exp(2Xe?)|h
Ji2,J13 < Cy Ny (u )QM

3
Therefore, (4.13) gives
exp(2Xe?) (€27 + 1)\h|
[ 17 = 5 < Cullol ey Ve . (4.15)
t,x

Now we turn to the estimates on the following integral for Js:

s ]|

//M u(t,x + h, &) —u(t, x, &)

2

X/ [Z(&, &) — Z(n — n:)]be(§ — m)e(&e —mi)| - (4.16)

When v =0, by (4.5), we have

[[12€.6) - 26— nwete ~ nwte.  n.
7,1

< Oy |l yvoe (//s nle(€ — n)de(En — my) //!@ Moo (€ — m)elEs m))
< by |l yvoe ( / €~ nlte( — ) / V(e =) + / el — 1) / € — el m>)
n e n s

< C¢b1||¢HW1«°C(R3)€-

When 0 < v < 1, similarly, it follows from (4.6) that

/ 2(6,6) — Z(n— 1) [be (€ — (e —m2)
< O |l o€ — &7 / / (1€ — 1l + 16 — ml)e(€ — me(&s — )
URUES

Oy 6] e / / (16 =0l + 16 — m)0e€ — mbe(&s — n2)

< Cybrllwrocrs) (1€ — &Te + €7).

Thus, for 0 < v < 1, it holds that

// 1Z(&,6x) — Z(n — ns)|e(§ — mbe(€s — M) < C¢b1|’¢”W1»°°(R3)(’§ —&|Te+ dve’),
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where 6, = 0if y =0 and ¢, = 1if 0 < v < 1. Putting the above estimate into (4.16)
gives
/ [ 172 = B < Coblolm ey
2

// / € — £ "M VME) (fult, z + hy )] + Ju(t, 7, £.)))

t,x £,6x

OB I0l e a0 [[| [ MOVMEfutt. o+ )]+ utt €]

A
Then Holder inequality yields

/ / s — Jaf2 < Cll e sy N (w)?(€2 + 6,€27). (4.17)

Now we can complete the proof for (4.7) when i = 1. In fact, combining (4.15) and
(4.17) gives

2

// dtda /SQ (t,x + h, €)p(&)dE — /Sf?(t,x,g)qs(g)dg
R

[0,T]xR3
< 2// [ThJ1 — Jif* + 2/ o — Jo|?
t,$ t,ac
exp(2Xe?) (€27 + 1)|h
< Cll9lliysee oy N (w)* { ( )6(3 L@y 5,em)]

for any € > 0. Hence, (4.7) for the case of i = 1 follows by taking € = |h|'/® if v = 0, and
e = |n|V/B3+27) if 0 < 4 <1 for |h| < 1. The same argument leads to (4.7) when i = 2.

Finally, we consider the case when i = 3 in (4.7) whose proof needs some modification
on the above proof for the case when ¢ = 1. In fact, similar to (4.10), (4.11) and (4.12),
the velocity averaged function (4.3) of S3Q can be rewritten as

/SQtarf (&)de = Jy + Ja,

where
Bi= [ [ VM@utt.2. 0 VMENutt.2.) [ [ Znnude - nwile —n)
&, 7,7%
= / / Z(1,1:)Ppe () (VM) (&, ) pyy, () (VM) (8, ),
URUES
and

T - / MEult, 2, €)VMEult, z. £,) / 2(6.6) — Z0n, )€ — mye(ée —n2).

gzg* 7%
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Notice that
Th [Pws(_n (\/Mu)ﬂwe(_m)(m“)] = D) (VM) py () (VM)
=70 [y (VM) (70 [ () (VM) = iy g (VM) )
+ (7 [P (VMW)| = py gy (VM) ) 3y (VM)

and

/ VM©lu(t, z + h, pe(€ = 1) < [[ull oo o,7)xr3 xR2) / VM(E)e(§ — ).
n:€ €
Thus, [[ |Th<71 — jl|2dtdx can be estimated in a way similar to the first two cases. On the

other hand, the estimate on [[ |7.Jo — Jo|2dtdx follows by noticing that

|7V M(©ult, 2.€)VM(EJult, 2, &)] = v MEult, 2, )V M(EJult, 2, &)
< [l oo o773 xmg) VMO VME (fult, + 1, &) + Jut, 2, ).

This completes the proof of the lemma. O

Lemma 4.4. Let ag(7y) be defined in (1.6). For eachi =1,2,3 and for any 0 < a < ap(y),
we have
SP € L*((0,T) x B H*(Bg,)).
Furthermore,
CKr(u)(R)3/?
ao(y) — @

Y

152112 (0,71 B 112 (8, ) <

where K (u) is given by (4.8).
Proof. Let 0 < |h| < 1. Take the mollifier ¢5(-) with § > 0 to be determined later. Write
SZ-Q as

57 = (S — o #¢ ST) + s x¢ S7.

Then
/ dtdade|r, 52 — S22
[0, T]><R3><BR5
<4 dtdzdg|SY — s xe SUP +2 [ de dtd Q2
5 *e 2|7 (15 % S2) — s % S2I%.

0T]><]R3><BR£ Br, [0,T]xR3
It follows from Lemmas 2.6, 4.1 and 4.3 that

/// dtdedg|m S = SPI < CUISP 2 0.1y rs i v
[0, T]xRE x Br,

FCuRnPP () [0 = lwmuonde < CortruPy® (82 + 20 )

BR§
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where P,(h) is defined by (4.9). We choose § = |h|'/?> if v = 0, and § = |p[?/5G+27) jf
0 <y <1 to have

///dtdxdg\ThSQ SO < Oy Ky (u)2(R)3|h[20).
0T]><]R3><BR5

Then, for any fixed o € (0, ap(7y)), we have

’ThSiQ_SiQF < CwKT(u>2<R>3 + HSQH 5 5
|32 = | 3+2la—ao()] i IL2([0,T]xR3 xRRE)

[0,7)x B, x Bry, X Br, |h|<1 |h|<R
K 2 3 K 2 3

ao(y) —« ap(y) —a

This completes the proof of the lemma.
O

Corollary 4.1. Let 0 < o < ap(y) with ap(y) defined in (1.6). For each i = 1,2,3, we
have

S2,QT(f.f) € L (Ry; HEE (RS x RY)),
0<QY(f,f) € L®([0,T) x R} x RY).

We are now ready to complete the proof for Theorem 1.1.

Proof of Theorem 1.1. By combining all estimates obtained above, we have

(i) the mild form of the solution:

f(tamag) = fO(‘T - gt?ﬁ)rl(t7x>£) + FQ(ta:E?g)a

where

t
Pu(t, 2,€) = exp (— JRACEE 59,§)d9> ,
’ t s
P?(tax7§)_rl(tax7§)/0 Q+(f,f)(s,a;—§3,§)exp (/0 Lf(07m_€07§>d0) dS

(ii) The regularization estimates:

0< Lfe L0, T]; H? (RS x RE)) N L®([0,T] x R3; Lig,(RY)),

loc
0 < Q*(f,f) € L*([0, T); Hig (R x RE)) N L2([0,T] x Ry x Rg),
for any 0 < o < ag(7y) with () defined by (1.6).

As in [8], the above estimates are sufficient to give (1.5)-(1.7) by straightforward cal-
culation so that we omit the details. As for the perturbation w, since

w(t 2, €) = uo(x — €6, T (£, 2,€) + | VM (£ 2, €) + ¢1Mr2(t,x,g) ~ M|

(1.8)-(1.9) follow from the estimation on f. This completes the proof of Theorem 1.1.
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Remark 4.1. Here we claim that the nonnegative functions I'1(t,z,§) and hence T(t, z,€)
decay exponentially for large t uniformly in x, &, provided that the L°-norm of u over Ry X
R3 x R3 is small enough. This means that the singular part vanishes with an exponential
rate. In fact, notice that

/t Lf(0,z—£0,6)d0 = v(€)t + /t A e (VMu)(0, x — €6, €)d6,
0 0

where the collision frequency v(§) := A x¢ M satisfies the condition, cf. [15, 25] that there
1 a positive constant vy such that

1

n(L+ ()7 <v(§) <
Vo

(1+1€)7
Furthermore, one can see
| A ¢ (\/MU)\ < CHUHLOO(JR+><R§><R2)V(§)'
Thus one has
0 < Ta(t,2,€) < exp (—v()(1 = Cllulpm g, xraxzd)t)

for any t > 0,2 € R3,& € R3. Therefore, the aforementioned claim follows.
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