THE CAUCHY PROBLEM ON THE COMPRESSIBLE TWO-FLUIDS
EULER-MAXWELL EQUATIONS
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ABSTRACT. In this paper, we are concerned with the Cauchy problem on the compressible
isentropic two-fluids Euler-Maxwell equations in three dimensions. The global existence of
solutions near constant steady states with the vanishing electromagnetic field is established,
and also the time-decay rates of perturbed solutions in L? space for 2 < g < oo are obtained.
The proof for existence is due to the classical energy method, and the investigation of
the large-time behavior is based on the linearized analysis of the one-fluid Euler-Maxwell
equations and the damped Euler equations. As a byproduct of our approach, some time-
decay rates obtained in [18] for the nonlinear damped Euler system are improved.
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The two-fluids Euler-Maxwell system in plasma physics describe dynamics of two separate

compressible fluids of ions and electrons interacting with their self-consistent electromagnetic
field [17]. Many famous nonlinear dispersive PDE, such as Zakharovs equation, nonlinear
Schrodinger equations, as well as KdV equations, can be formally derived from two-fluids

Euler-Maxwell system under various asymptotic limits, see [1, 2] and references therein.

In

this paper, we consider the compressible isentropic two-fluids Euler-Maxwell system in three
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dimensions, taking the form of

( Oy +V - (niui) =0,
1

Oiut +ut - Vug + anpi(ni) = ZF(E + ug X B) — ViU,

+

(1.1) OE -V X B=njuy —n_u_,

OB+V x E=0,

V-E=n_—-n4, V-B=0.

Here, ny = ni(t,2) > 0and uy = uy(t,x) € R? with ¢ > 0, z € R?, respectively, are densities
and velocities of the ion (—) and electron (+). E = E(t,x) € R? and B = B(t,z) € R? denote
the electromagnetic field. Initial data is given as

(12) [niyuiaEv B”tZO = [ni07ui07E0aBO]7 x GRga
with the compatibility conditions
(1.3) V-Eozn_o—n+0, V.-By =0, .CUERS.

The pressure functions p4 () depending only on the density satisfy the power law pi(ny) =
Axn] with constants Ay > 0 and the adiabatic exponent v > 1. Constants v+ > 0 are the
velocity relaxation frequency of ions and electrons. Notice that in general the Euler-Maxwell
system depends on many other physical parameters; refer to [1]. Here, we have skipped them
and only consider how the strictly positive relaxation frequency play in the whole theory.
Moreover, through this paper, we assume Ay = A_ = A and vy = v_ = v, and for simplicity
we also let A = v = 1. In such simple case, as we shall show later on, the corresponding
linearized Euler-Maxwell system can be written as two-decoupled subsystems, i.e., the one-
fluid Euler-Maxwell system and the damped Euler system, which is essentially used in the
study of the time-decay property for the two-fluids Euler-Maxwell system above. The case
for general choices of A+ and v4 that lead to more complex coupling structure is left for the
future study.

Before stating the main result, let us recall some previous related work. For the one-fluid
Euler-Maxwell system when ions only provide a uniform constant background, by using the
fractional Godunov scheme as well as the compensated compactness argument, Chen-Jerome-
Wang [4] proved global existence of weak solutions to the initial-boundary value problem in
one space dimension for arbitrarily large initial data in L>°. Jerome [11] established a local
smooth solution theory for the Cauchy problem over R? by adapting the classical semigroup-
resolvent approach of Kato [13]. Peng-Wang [16] justified convergence of the compressible
Euler-Maxwell system to the incompressible Euler system for well-prepared smooth initial
data. Recently, Duan [6] proved the existence and uniqueness of global smooth solutions
with small amplitude to the one-fluid Euler-Maxwell system in three space dimensions, and
obtained the optimal large-time behavior of solutions in terms of the detailed analysis of the
Green’s function. The similar results are independently given by Ueda-Wang-Kawashima
[22] and Ueda-Kawashima [21] by using the pure time-weighted energy method. Much more
studies have been made for the Euler-Poisson system when the magnetic field is absent; see
[8, 9, 14, 5, 15, 3] and references therein for discussion and analysis of the different issues
such as the existence of global smooth irrotational flow [8] for an electron fluid and [9] for
the ion dynamics, large time behavior of solutions [14], stability of star solutions [5, 15] and
finite time blow-up [3].

However, there are few results on the two-fluids Euler-Maxwell system. As we pointed
out before, depending on the choice of physical parameters, the case of two-fluids exhibits
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much more complex decay structure than that of one-fluid; see (3.1) as well as (3.4) and
(3.6). The detailed analysis of the linearized system in the case when A = A_ = 1 and
vy = v_ = 1 will be given in Section 3, cf. Proposition 3.1 and Theorem 3.1. Concerning the
nonlinear two-fluids Euler-Maxwell system, the main result is stated as follows. Notations
will be explained at the end of this section.

Theorem 1.1. Let N > 4 and (1.3) hold. There are 6y > 0, Cy such that if
[[nxo — 1, uxo, Eo, Boll[n < do,

then, the Cauchy problem (1.1)-(1.2) of the Euler-Mazwell system admits a unique global
solution [ny(t,z),us(t,x), E(t,x), B(t,x)] with

[ (t,2) — Lus (t,2), E(t,2), B(t,2)] € C(10,00); HY (R)) 0 Lip([0, 00); HY ' (R%)),
and

Sup [ (t) = 1 u (8), E@), BE)l|v < Coll[nao = 1, ws0, Fo, Bollx-
t>

Moreover, there are 61 > 0, C1 such that if
[[n+0 — 1, ux0, Eo, Bo]ll13 + [|[n+o — 1, u+o, Eo, Bolll 1 < 01,

then, the solution [ny(t,z),us(t,x), E(t,x), B(t,x)] satisfies that for any t > 0,

(1.4) I (8) = ()20 < L1+ 1) 7273,

(1.5) s (1) +n_(£) — 2|0 < Co(141) 272,
(1.6) I[us (£) £ u_(t), E(@)||za < CL(1 + )22,
(1.7) IB(#)|[1e < Cy(1+#) 7272,

with 2 < q < o0.

The proof of existence in Theorem 1.1 above is based on the classical energy method. As
in [6], the key point is to obtain the uniform-in-time a priori estimates in the form of

+)\/ DN d8<gN(Vo)

where V (t) is the perturbation of solutions, and Ex(-), Dn(-) denote the energy functional
and energy dissipation rate functional. Although along the same line, our construction of
En(-) and Dp(-) is a little different from that for the one-fluid case as in [6] because of the
more complex structure of two-fluids system. In particular, since the system is degenerate
over some components of the whole solution, one has to construct some interactive functionals
so as to capture the optimal form of the energy dissipation rate which plays a vital role for
the study of time-decay property of solutions to the nonlinear system. We here notice the
general theory of hypocoercivity in [23].

Moreover, in order to obtain the rates of convergence of solutions in Theorem 1.1, our
approach is the combination of the analysis of Green’s function of the linearized system
and the refined energy estimates with the help of the Duhamel’s principle. Related to this
approach, we only mention [12] for the systematic study of systems of a hyperbolic-parabolic
composite type, and also notice that the theoretical framework developed in [12] can not be
applied to the two-fluids Euler-Maxwell system considered here. Thus, we first discuss the
time-decay rates of the linearized equations. When vy = v_, the linearized homogeneous
equations of the two-fluids Euler-Maxwell system (1.1) can be written as two decoupled
subsystems (3.10) and (3.13). For (3.10), the corresponding results can be obtained in a
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parallel way as [6]. It is observed that (3.13) is the linearized homogeneous system also
corresponding to the 3-D compressible Euler equations with damping (5.1). For the Cauchy
problem (5.1)-(5.2) of the damped Euler system, Sideris-Thomases-Wang [18] actually has
obtained the time-decay rates of solutions by using the Fourier analysis. Here we shall revisit
this issue to consider the optimal rates of each component in the solution by exploring the
explicit solution to the Cauchy problem (3.13)-(3.14) in the Fourier space. In fact, our
Proposition 5.1 in Appendix is an improved result of [18, Lemma 6.1] in the sense that the
momentum component has an extra time-decay (1 +¢)~%/2 in L?. Notice that the time-
decay rates obtained in Corollary 3.1 can be used to refine [18, Theorem 6.1]. In that sense,
Appendix can be viewed as a generalization of [18].

Let us introduce some notations for the use throughout this paper. C denotes some positive
(generally large) constant and A denotes some positive (generally small) constant, where both
C and )\ may take different values in different places. For two quantities a and b, a ~ b means
Aa <b < %a for a generic constant 0 < A < 1. For any integer m > 0, we use H™, H™
to denote the usual Sobolev space H™(R?) and the corresponding m-order homogeneous
Sobolev space, respectively. Set L? = H™ when m = 0. For simplicity, the norm of H™ is

denoted by || - ||, with ||+ || = || |lo. We use (-, -) to denote the inner product over the Hilbert
space L2(R?), i.e. (f,g) = [gs f(®)9(2)dz, f = f(z), g = g(x) € L*(R3). For a multi-index
a = [a1,az,a3], we denote 0% = 031052053, The length of a is |a] = a1 + a2 + az. For

simplicity, we also set d; = 0,,, j =1, 2, 3.

We conclude this section by stating the arrangement of the rest of this paper. In Section
2, we reformulate the Cauchy problem under consideration and prove the global existence
and uniqueness of solutions. In Section 3, we investigate the linearized homogeneous system
to obtain the LP — LY time-decay property and the explicit representation of solutions. In
Section 4, we study the time-decay rates of solutions to the reformulated nonlinear system
and finish the proof of Theorem 1.1. In the last Section 5, we use an appendix to investigate
the time-decay rates of solutions to the Cauchy problem on the damped Euler system (5.1),
which improves the corresponding results in [18].

2. GLOBAL SOLUTIONS FOR THE NONLINEAR SYSTEM

2.1. Reformulation of the problem. Let [ni,uyt,E,B] be a smooth solution to the
Cauchy problem of the Euler-Maxwell system (1.1) with given initial data (1.2) satisfying
(1.3). Set
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Then, V := [o1, v, E, B] satisfies

( -1

oo+ + v+ -Voig + (’Y

O‘i—i-l)v'vi:(),

B . o
s + (Ls—0s + 1)Vos +vs - Vog = qE(WEJFUi x B) - ﬁvi,
OF — <=V x B= vy + —[8(04) + 0oy — v — —[B(0) +o ]
— = . g o lvy, — —v_. — — o_ O'f”l},,
22 TR AV NV A

- 1 -
WB+—VxE=0,
t \/7}/

- 1 1 N
V- E=———[®(c})+0 ]+ —[®(c_)+0_], V-B=0. t>0, z R
\ﬁ[ (04) + o] ﬁ[( ) ]

with initial data
(2.3) Vli—o = Vo := [00, 0, Eo, Bo), = € R®.
Here, ®(-) is defined by

-1 2
o) = (o + )71 —o -1,

and Vy = [o10, vio, Eo, Bg] is given from [nig, uto, Eo, Bo] according to the transform (2.1),
and hence V| satisfies

o V. By = —%@mo) T ol + %[@(aw o,

V-By=0, xze€R>.

In what follows, the integer N > 4 is always assumed. Besides, for V = [0y, vy, E, B], we
define the full instant energy functional Ex(V (t)) and the high-order instant energy functional
EX(V (1)) by

En(V(®) = IVBIIZ

(2 5) +K1 Z ((6%+, V6a0+> + <8a’l)_, V8a0_>)
' o <N-1 ) L
+ry Y. (0%vy —v_),VO®E) — k3 >, (Vx0“E,0B)
la|<N-1 lo| <N -2
and

EvVE) =IVVOIR_1+r > (0%, V%) + (0%, VD0 ))
1<|a]<N-1
(2.6)

+hy Y (0%(vy—v ), VO"E)—k3 > (Vx0"E,0°B),

1<|a|<N-1 1<|a|<N-2

respectively, where 0 < k3 < kg < K1 < 1 are constants to be properly chosen in the later
proof. Notice that since all constants x; (i = 1,2,3) are small enough, one has

EN(V (1) ~ lllox, v, B, Bl%,  EN(V(1) ~ IV[ox, vs, B, B[ 1.
We further define the dissipation rates Dy (V (t)), D% (V(t)) by
Dn(V(1) = lI[v+, v- IR+ VIow, o-]IR

(2.7) o ~
+IVIE, B[} -2 + | BII” + o — oI,
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DR (V1) = [IV[vs, v-]IF 1 + V2o, o-]R

(2.8) L "
+IV2[E, B} 5 + IVEI* + | V(os — o)

Notice that different from the one-fluid case as in [6], ||+ +0_]||? and hence ||o4||? are excluded
from Dy (V(t)), and ||V(04+ +0-)||? and thus ||Voy | do not appear in D% (V(¢)) any more.
Now, concerning the reformulated Cauchy problem (2.2)-(2.3), one has the following global
existence result.

Proposition 2.1. Suppose (2.4) for given initial data Vo = [0+0, v+0, Eo, Bo]. Then, there are
En(:) and Dn(-) given by (2.5) and (2.7) such that the following holds true. If Ex(Vy) > 0
is small enough, the Cauchy problem (2.2)-(2.3) admits a unique global nonzero solution
V = [0+, vs, E, B] satisfying

(2.9) V € C([0,00); HN(R?)) N Lip([0, 00); HY 1 (R?)),
and

(2.10) En V() + A /0 "D (V(s))ds < Ex (Vo)

for any t > 0.

Moreover, solutions obtained in Proposition 2.1 indeed decay in time with some rates
under some extra regularity and integrability conditions on initial data. For that, given
Vo = [0+0, v+0, Eo, Bo), set e (Vo) as

(2.11) em(Vo) = Vollm + ll[o0, v0, Eo, Bolll 1,
for the integer m > 4. Then one has

Proposition 2.2. Suppose (2.4) for given initial data Vo = [0+0, v+0, o, Bo). If enp2(Vo) >
0 is small enough, then the solution V = [o4,vy, E, B] satisfies

(2.12) IV(#)lw < Cenia(Vo)(1+14)77

for any t > 0. Furthermore, if en+6(Vo) > 0 is small enough, then the solution V =
[0+,vs, E, B] also satisfies

(2.13) IVV(#)|ln-1 < Censo(Vo)(1 + )75
for any t > 0.

The existence result in Theorem 1.1 directly follows from Proposition 2.1, and the deriva-
tion of rates of convergence (1.4)-(1.7) in Theorem 1.1 is based on Proposition 2.2 with the
help of the bootstrap argument that will be shown in Subsection 4.3.

2.2. A priori estimates. In this subsection we devote ourselves to the proof of Proposition
2.1. The key part is to apply the classical energy method to obtain some uniform-in-time a
priori estimates for smooth solutions to the Cauchy problem (2.2)-(2.3). Notice that (2.2) is
a quasi-linear symmetric hyperbolic system.

Theorem 2.1. (a priori estimates). Let0 < T < oo be given. Suppose thatV = [o+,v+, E, B] €
C([0,T); HN (R?)) is smooth with

(2.14) sup [low(t)lx < 1.
0<t<T
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and that V' satisfies the system (2.2) for t € (0,T). Then, there are En(-) and Dy(-) in the
form (2.5) and (2.7) such that

[NIES

(2.15) L ex(V (1) + XDx(V(1)) < Clen(V (1)

forany 0 <t <T.

+En V()P (V (1))

Proof. 1t is divided by five steps as follows.
Step 1. It holds that

——||V + — — < V _ + ||V]oy,o- - .
2 dt” ”N \ﬁH[U U ]”N = CH ||N(||[U+av ]H H [ +> y U4, U ]”N 1)

In fact, from the first two equations of (2.2), energy estimates on %04 and 9%vy with |a] < N

(2.16)

give
1d, oo 2 L o 2, 1 am oa
5@”8 [O’+,0'_,’U+,'l)_]H + \/’7/”8 [UJ,-,'U_]H + ﬁ@ E,(‘) ’U+>
(2.17) 1 )
— —(0*E,0%_) = — Cql,5(t) + I1(2).
\ﬁ< ) ﬁg; 510,5(t) + 11(2)
Here, I, p(t) = I 5(t) + I 4(t), I (t) = I (t) + I7 (t) with
1T, = <8a*5v+-vaﬂa+,a%+>+%1<aa*%+v-a%+,a%+>

—1
+%<aafﬁa+vaﬁa+, 8%, ) + (99 Py - VP, 0%0,)

+(0°Puy x P B, 0%.),

Io4(t) = (0°Pv_ Vo 0% )+ %Haa*%_v L Pu_, 9% _)
+%1<8“*ﬁa_vaﬁa_, 0“v_) + (0° Pu_ - VOPu_,0%v_)
—(8°Po_ x 8°B,8%_),
and
I'(t) = %(V cvp, 0% [P+ 0% [?) + ”YT—1<VU+ 0%, 0%y) — (vy x 0B, 0%v,),

1 -1 ~
I7 (t) = §(V v, 0% 2 4 |0%_ ?) + FYT(VU, 0% _,0%_) + (v_ x 0°B,0%_),
where integration by parts was used. When |a| = 0, it suffices to estimate I;(¢) by
Lt) = LT+ (1)
< Cllow,villlmIVios, o)1 + CIV B v+ ||
+Clllo—, vl | VIo—, v-]* + CIV Bl g o |°
Clllos, o—,v4, 0| g1 | Vow, o v, v ]|* + CIVB| g [|[o+, -] |,

IN

which is further bounded by the r.h.s. term of (2.16). When |a| > 1, since each term in
I, 5(t) and I;(t) is the integration of the three-terms product in which there is at least one
term containing the derivative, one has

Ia76(t) + Il(t) < C||[J+7 00—, V4,0V, B]”NHV[UJM 0*¢U+7U*]H?\/—1’
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which is also bounded by the r.h.s. term of (2.16). On the other hand, from (2.2), energy
estimates on 0*E and 0“B with |a| < N give

1d arm m 1 fe T 1 Qo
3 iV BIE = (0%, 0°F) 4 (0B, ")
(2.18) = (O (B(04) + 02 )0, 0B — = (0°[(D(o) + 0 )], 6°E)

val val
=Lt + 1 (b).

In a similar way as [6], for || < N, one has
I (t) < CIEIN (Vo vellf—1 + lo+ %),
and
Iy (t) < CEI N (IVo—, v-]IR—1 + llv-]1?)-
Thus, for |a| < N, one has
L (1) + Iy (t) < ClElN(IV [0+, 0, vp, -] [ Foy + [l [o4, 0-]1),

which is bounded by the r.h.s. term of (2.16). Then (2.16) follows by taking summation of
(2.17) and (2.18) over |a| < N.

Step 2. It holds that

d nt 2 9
(2.19) ZENV) + MV log, o IR + Hij+ o_|?)
<Ol[vs, v )l + Clllos, o v v, B2V o5 0y vy 0|21,
where 5}\7,‘7'51() is defined by
&1\7}7151(‘/) = Z (<8a’U+, vaao'+> + <806,U_7 vaao__>>
la|<N-1

In fact, the first four equations of (2.2) can be rewritten as

(2.20) Oor +V vy = fT,
(2.21) oo +V-v_=f,
1 - 1
(2.22) Oy + Vo + ﬁE =fy - Nalas
1 - 1
2.23 dv_+Vo_. - —E=f; ——v_,
(2.23) ' Vit
where
(ff:—m_-Vm_—W_ o+V - ug,
-1
i =-v_ Vg,—72 o V-v_,
-1 -
f;_:—U+'VU+—7 U+V0’+—U+><B,
-1 -
fo = —v_ V_—ry o_Vo_+wv_ x B.
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Let |a| < N — 1. Applying 0“ to (2.23), multiplying it by 0*Vo_, taking integrations in x
and then using integration by parts and also the final equation of (2.2), replacing d;o_ from
(2.21) gives
Lo Voo ) + [Voro_ |2+ Ljore_|2 = Looe,, 070 )
I - - - 5 - 5 +5 -
1 1
=——(0%®(0_),0%_) + —(0°®(04), 0% _) + (0“fy , VO 0o_)
Y Y

1
——{(%_, V% _) + ||V - 0%_||? = (0% f;,V - 9%_).
ﬁ< )+l = — (0™ f; )

In a similar way as above, from (2.22) and (2.20), one has

d [} [} leY 2 1 fe 2 l le} [}
GO0 V00 ) V0[P 070 |2~ (0%, 5% )

1 1
= —§<8a®(0+)a3a0+> + §<3a@(0—)73a0+> +(0°f5,Vd©ay)
1
—\ﬁ@%hvaaff# F V- 0% |2 = (0 fi7, V - 9%0y).
Taking further the summation of the previous two equations implies

d 1
(0704, VO01) + (0%, VO )) + [VO[os, 0 ]| + ;Haafn — 0% _|?

1
= V- 0% |2 4 [V 00|24 {0 R(0s), 00— °0y) + (075 VDo)

1 1
+(0%f, ,VO%_) + —(0%®(c_), 0% — 0% _) — — (0%, VO%
(0°fy ) 7< (0-), 0%+ ) \ﬁ< + +)

1
———(0%_, V0% _) — (0% f,V - 0%,) — (0“f],V - 0“_).
\ﬁ< ) — (0% fy +) —(0%f1 )
Then, it follows from Cauchy-Schwarz inequality that

(2.24)

d
S0, VD) + (070, VD) + AV o0 || + 9% — 9% )
< C(IV - 90y |2 + IV - 070_[[2) + C(l0r vy | + 9702
+C([0°®(04) 12 + 19° 112 + 102 f117) + CUU°@(o-) |2 + 194 I12 + 105 I12).

Noticing that ® () is smooth in o with ®(0) = ®'(0) = 0 and f;", f;, fof, f; are quadrat-
ically nonlinear, one has from (2.14) that

02 @ (e )II* + 10 [ 112 + 10 f57I12 + [[0* @ (e )12 + [0 f |I* + |0 f |IP
< Clllos, v, Bl lIVIow, vill3—1 + Clllo-,v—, BIX N VIo-, v-]l3 s
Plugging this into (2.24) taking summation over || < N — 1 yields (2.19).

Step 3. It holds that

SR (V) + A BI

(2.25) <Cllvs, 013 + CIVor, o131 + Clllvs, v ]| NI VB n—2

+ OH[U-HO-—a Uty V—, B]H?\/HV[U-‘HO’—7 v-i-v”-]”?\/fla
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where E3/%(-) is defined by

EWLV) = Y (0%(vy —v.), ).
la]<N-—1

In fact, for |a| < N —1, from (2.22) and (2.23), we have

2 .
O(vy —v_)+ (Vo —Vo_)+ —F
(2.26) . VY

=fi —fy = —=(vy —v-).
2 2 NGl
Applying 9% to (2.26), multiplying it by 0“E, taking integrations in x and using integration
by parts and replacing 0;F from the third equation of (2.2) gives

d - 2 .
/A« — v o [ aE2
(s~ 0,0 B) + o

— L Ay, — 2 L Ay, — a D
= \ﬁlHa (v —v )" + ﬁ@ (vp —v-),V x 9°B)
+\ﬁ<8a(v+ —v-),0%®(04)v4 + oyvy]) 1
—ﬁ@“(m —v-),0%®(0-)v- + o_v_]) - ﬁ@“(m —v-),0%E)

—(0*(Voy, —Vo_),0E) + (0°(fy — f5 ), 0°E),

which from Cauchy-Schwarz inequality, further implies

d - -
(0% (0 — ), 0°F) + N0

< 0[0*(vy = v)II? + Cll[vs, v NIV Bl v—2 + C| V[0 04 — 0% _]||?
+C”[O’+,O'_,U+,U_,B]H?VHV[O'_HO'_,U_HU_]H?V_l-
Thus (2.25) follows from taking summation of the above estimate over |a| < N — 1.

Step 4. It holds that

—E&mt (Y L \|VB|%_, <C B2
(2.27) dt N,S( )+ Hv HN—Z— H[U'H’Uv ]HN—l

+ o, o IRV v, -] R0
where E3/%4(-) is defined by
ENR(V) == > (Vx0“E,0°B).
la|<N—2

In fact, for |a] < N —2, applying 0 to the third equation of (2.2), multiplying it by 9*V x B,
taking integrations in x and using integration by parts and replacing 9;B from the fourth
equation of (2.2) implies

d QT a D 1 a2
1 - 1 - 1 -
= —||V x 0%FE|]? — — (0%, V x 0°B) + —(0%_,V x 0°B
ﬁll | ﬁ< + ) ﬁ< )

—\%(8“[@(0@)1@ +0,0,],V x 8°B) + \%(8“[@(0)1} +0_v_],V xd*B).
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The above estimate gives (2.27) by further using Cauchy-Schwarz inequality and taking sum-
mation over |a| < N — 2, where we also used

10%05, B|| = [|05,A7'V x (V x 9*B)|| < ||V x 0“B|

for each 1 < i < 3, due to the fact that 9,, A71V is bounded from LP to itself for 1 < p < co
[19].

Step 5. Now, following four steps above, we are ready to prove (2.15). Let us define

3
EN(V () = IVIOIR + Y mi€N5(V (1)),
i=1

that is,
EN(V (1) = ll[o4, -, 0,0, E, B]|[%
(2 28) +K1 Z (<60‘U+, V8a0+> + <8°‘v,, V@O‘a,))
’ la|<N-1 ~ ~ ~
+ry >, (0%vy —v_),VOE)—k3 Y. (Vx0“E,0*B)
|o|<N-—1 || <N -2

for constants 0 < k3 K Ko K K1 K 1 to be determined. Notice that as long as 0 < k; < 1
is small enough for i = 1,2,3, then Ex(V(t)) ~ [|[V(t)||3 holds true. Moreover, letting
0 < k3 < kg < K1 < 1 with k72 < ks, the sum of (2.16), (2.19) x k1, (2.25) X Ky, (2.27) X K3
implies that there is A > 0, C' > 0 such that (2.15) holds true with Dy (-) defined in (2.7).
Here, we have used the following Cauchy-Schwarz inequality
= 1/2 3/2 1o
262 |04, 0] NIV Bllv—2 < v o)l + 5 I VBIR .
/2 < K3, both terms on the r.h.s. of the above inequality were absorbed. This
completes the proof of Theorem 2.1. O

and due to /{3

Since (2.2) is a quasi-linear symmetric hyperbolic system, the short-time existence can be
proved in much more general case as in [13]; see also ([20] Theorem 1.2, Proposition 1.3 and
Proposition 1.4 in Chapter 16). From Theorem 2.1 and the continuity argument, it is easy
to see that Ex(V(t)) is bounded uniformly in time under the assumption that Ex (V) > 0 is
small enough. Therefore, the global existence of solutions satisfying (2.9) and (2.10) follows
in the standard way; see also [6]. This completes the proof of Proposition 2.1. O

3. LINEARIZED HOMOGENEOUS SYSTEM

In order to study the time-decay property of solutions to the nonlinear system (1.1) later
on, we have to consider the following Cauchy problem on the corresponding linearized system
around the constant state [1,0,0,0]. In fact, by setting p+ = ny —1, Then U := [py,us, F, B]
satisfies

(Oip+ +V -ur = =V (pruy),
Oyt +us £ E+9Vps = —ug - Vur — y[(p+ +1)772 = 1]Vps F (ux x B),
(3.1) OFE -V XB—uy+u_ =pruy —p_u_,
&B+V x E=0,
V.-E=p_—py, V-B=0, t>0, zcR3

with initial data

(3.2) Uli—o = Up := [p+0, u+0, Eo, Bo), = € R?,
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satisfying the compatibility conditions V - Ey = p_g — p40, V- Bo = 0. Here, p1g =nio — 1.
To capture the decay structure of the linearized system above, we now take the sum and
difference of £ equations. Let

— pP— Uy —U—
_P+—P . .

(3.3) 1 5 =—

Then [p1,u1, E, B] satisfies

1 _
opr +V - uy = 5(9?—91 ),

1 _
Ouy +uy + E+~Vp = 5(9; — 95 ),
1 _
(3-4) OFE —V x B—2u; = §(g§ — 93 ),
OB+ V x E =0,

1
§V-E:—p1, V-B=0, t>0,z¢€R3

with initial data Ujli—o = Ui := [p1,0,u1,0, Eo, Bo], * € R?, satisfying the compatibility

1
conditions iv -E = —p1p, V-By = 0, and [p10,u1,0] is given from [pi0, p—0,Ut0,U—0]
according to the transform (3.3). Furthermore, we also set
+ p— Uy + U
(3.5) 2:%’ UQZ%-

Then [pg, uz| satisfies

1 _
Op2+V-uy = (g +97),

2
(3.6) 1 ,
Oyug + up +yVpg = 5(95 +gy), t>0,x€R>
with initial data Us|i—g = Usg = [p20,u20], * € R3, where [pag,u2] is given from

[P+0, P—0, Ut0, ug] according to the transform (3.5). Here the nonlinear source term takes
the form of

gli =-V- (PiUi),
(3.7) gy = —ux - Vur Fusr X B=7[(1+p+) % = 1]Vpy,
95 = pruy.

Then, by Duhamel’s principle, the solution U; = [p1,u1, E, B] and Uy = [pa,us] can be
formally written as

(3:8) Ui(0) = e Uro+ 5 [ I gH(5) = a7 (39,8 o) = 5 (5). 0 (5) = g5 (). 00,

and

(3.9) Un(t) = e Usg + + /O eI gt (5) + g7 (5), 63 (5) + 07 ()]s,

2
where e!lU; o and e'X'Us g, respectively, denote the solution to the Cauchy problems (3.10)-
(3.11) and (3.13)-(3.14) both without nonlinear sources, which will be given later on.
Thus, in this section, we are concerned with the time-decay estimates on two decoupled
linearized homogeneous systems corresponding to (3.4) and (3.6). Notice that the decoupled
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feature essentially comes from our assumption of Ay = A_ = A and vy = v_ = v in (1.1).
The linearized homogeneous system of (3.4) reads

(Oip1 +V -up =0,

Ouy +uy + E+~vVpy =0,

(310) atE -V xB-— 2u; = 0,

8tB +V X E = 0,

1

5V.Ez—pl, V-B=0, t>0,z¢€R3
with initial data

(311) U1|t:0 = UL(_) = [pLo,ul’(),Eo,Bo], x e R3,

satisfying the compatibility conditions
1
(3.12) §V B = —pP1,05 V- B() =0.

And the linearized homogeneous equations of (3.6) become

{3tﬂ2+V’U2=0,

(3.13) 3
Oyug +us +vYVpe =0, t>0,2 € R>,

with initial data
(314) U2|t:0 = U270 = [pgp,ﬂg)o], x € R3.

Here [p2,0,u2,] is given from [p40, p—o, u+0, uo] according to the transform (3.5).

From now on, we always denote U; = [p1,u1, E, B] as the solution to the linearized homo-
geneous system (3.10), and Uy = [pa, uz] as the one to (3.13). And since smooth solutions to
the nonlinear system (2.2) and (3.1) are equivalent, time-decay properties of the solution to
(3.1) can be directly applied to (2.2).

First of all, for the linearized equations (3.10)-(3.12), the LP? — L4 time decay property was
proved in [6]. We only list some special LP — L? time decay inequalities in the following

Proposition 3.1. Suppose Ui(t) = e'LUyq is the solution to the Cauchy problem (3.10)-
(3.11) with the initial data Uy o = [p1,0, u1,0, Eo, Bo] satisfying (3.12). Then Uy = [p1, w1, E, B]
satisfies the following time-decay property:

,

_t
lpr @) < Ce™2 ][ [pr0, wr ol
t _5
lur () < Ce™2lproll + C(1 + )74 |[ur,0, Eo, Bolll 1 g2

(3.15) 5
IE(t)]| < (1 + )" [ur,0, Bo, Bolll 1 gys
B < C(1+ 1)~ 1|[u1.0, o, Bolll 1 pre-
and
11 (®)lloo < Ce™2 [[p10,u1.0] | 2 e
(3.16) lur(®)]loe < Ce™ 2| proll p2nz + C(L+1)"2[[[u1,0, Eo, Bolll j1grs

IE®)loe < C(1L+8)2||[ur0, Eo, Bolll e
_3
[1B(#)]loo < C(1+1)"2]|[u1,0, Eo; Bolll 1155
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and moreover,
5
IVB(@)|| < C(1+t)~ 4 |[u1,0, Eo, Bo]ll p1r g4

(3.17) i
IVYE®), Bl < C(1+ 1) [|[u1,0, Bo, Bo)ll 1 jyn+s-

As we mention before, the time-decay property of the damped Euler system (3.13) was
studied in [18]. The rest of this section is to get the refined time-decay property by exploring
the explicit solution to the Cauchy problem (3.13)-(3.14). In fact, compared with the result
in [18, Lemma 6.1], it will be shown that the momentum component has an extra time-decay
(1+t)"Y21in L2

3.1. Representation of solutions for (3.13) and (3.14). We first find the explicit rep-
resentation of the Fourier transform of the solution Us = [p2, us] = etLUZO to the Cauchy
problem (3.13)-(3.14). For an integrable function f : R® — R, its Fourier transform is defined
by

3
f(k) = / e" Tk f(x)de, k= ijkj, k€ R3,
R3

J=1

where ¢ = v/—1 € C is the imaginary unit.
Taking the time derivative for the first equation of (3.13), and using the second equation
to replace Jyus we have

(3.18) Oupa + Orpa — v A\py = 0.

Initial data is given by

P+0 + p—o0
2

By taking the Fourier transform of (3.18)-(3.19), we get the second order ODE as

(3.19) p2li=0 = p2,0 = , Op2lt=0 = =V - uzp.

Owp2 + Op2 + 7”9‘2/32 =0,

p2li=0 = p2,0,

Oipali=0 = —ik - U .
It is straightforward to obtain
R X_"_eX*t — X_eXth . R eX“rt — eX*t
P2 = P20 — ik - ugp
X+ — X- X+ — X-

1.1
where Y+ = —=+=1/1 — 4v|k2| are the roots of the characteristic equation x?+x+~|k|?> = 0.
X 272

Similarly, taking the time derivative for the second equation of (3.13), and using the first
equation to replace 0;p2 we have

8ttu2 + 8tU2 — ’yV(V . UQ) =0.

Further taking the divergence, one has

(3.20) (V- uz) + 0¢(V - ug) = YA(V - ug) = 0.
Notice
(3.21) V- usli—o = V - ugp,

(322) 8tV . U2|t:0 =-V- U2,0 — ’yApzo.
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Here and in the sequel we set k = k/|k| for |k| # 0. By taking the Fourier transform of (3.20),
(3.21) and (3.22), we get the second order ODE as

A (k - G2) + 8y (k - ip) + ~|k|?(k - Gig) = 0,
(k - Gig)| =0 = k - Tinp,
Oy (k - i2)|s=0 = —k - G20 — iy|K| p20-

Therefore,
~ . 6X+t — _eX*t ~ . 6X+t — €X—t . .
k-to = X+ X k- Uz 0 + 7[—27’]?‘,0270].
X+ — X- X+ — X-
Here we have used the fact x4 +1=—x_ and x— + 1= —x.

Moreover, by taking the curl for the equation of J;us and in terms of the Fourier transfor-

mation in x, one has

(3.23) Ok x ug) + (k x u2) = 0.

Initial data is given as

(3.24) (k X tig)|s=0 = k X 1ig.

By solving the initial value problem (3.23) and (3.24), one has
kx dig = e Uk X digp).

For t > 0 and k € R? with |k| # 0, one has the decomposition iy = kk - tip — k x (k X dip) as
in [6].

6X+t — 7€X*t ~~
iy =2 X Fk g
X+ — X-

6X+t — ex—t . R 7 ~ R
——[—ivkpap] — e "k x (k X Gg2).
X+ — X-
Now, let us summarize the above computations on the explicit representation of Fourier
transform of the solution Us = [pa, us].

(o) =60 (o)

with
X4eXtox_eX+! ex+t—ex—t(_ikT)
(325) G(t,k‘) = Xt X;_txf XX t _t
_eX— . _t kR k x4eXt —x_eX-"EQk |’
S (k) e (I = ) + S T T

where the superscript 1" denotes the transpose of the vector k.

3.2. Refined L? — L7 time-decay property. In this subsection, we use (3.25) to obtain
some refined LP — L? time-decay property for Us = [p2, us]. For that, we first find the time-
frequency pointwise estimates on po, s in the following lemma; see [10] for the similar study
of the linearized Navier-Stokes system.

Lemma 3.1. Let Uy = [p2, uz] be the solution to the linearized homogeneous system (3.13)
with initial data Us g = [p2,0,u2,0]. Then, there exist constants € > 0, A >0, C > 0 such that
for allt >0, |k| <e,

72t K) SC(k[e + =) 3 0 ()

(3.26) 2
+ C([kle M 4 ke g k),
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~ f— 2 f— A
(3.27) Jiia (t, k)| <C(|kle 7 + [k[e2)| pa,0 (k)]
+ C(kPe P+ =2 iy o (k)]
and for allt >0, |k| > ¢,

(3.28) |a(t, k)| < Ce™|[p20(k), d2,0(R)],

(3.29) |@2(t, k)| < Ce™X|[p2,0(k), @z,0(k)]].

Proof. In order to get the upper bound of pa(t, k) and us(t, k), we have to estimate Gi1, Gia,
G91 and G9o. Here we denote

~ X_‘_eX*t - X €X+t ~ 6X+t — eX*t

Gu = ——, Gu=————(—ik")
X+ — X- X+ — X-
A eX+t — ex-t A k®k xreX+tt —y_eX-'k®k
Gy = ——— —ivk), Gog = et Is — .
e e N
1 1
If 1 — 4y|k?| > 0, then 4+ = ~5 + 3 1 — 4~|k|? are real. Tt is straightforward to obtain
Yo = 0P, x- = 1+ O

X+ —X-=V1-4kP2=0()

1 1
as |[k| — 0. And on the other hand, if 1 — 4v|k?| < 0, then x4 = —5 + 52 4y|k|? — 1 are

complex conjugate. Moreover, one has
Ix+| = O)]k|,

X+ — X- =iV 4y]k]* — 1 =140(1)[kl,

as |k| — oco. Then, there exists ¢ < \/Z < R, with 0 < ¢ « 1 <« R < o0 such that one can
estimate G as follows:

|G11| < ClkPe™™ + Ce Mt

(G| + |G| < CJR| (e e ),

1022\ < Cet+ C|k|2€*>\|k| t 4 Ce M
< ClkPe Mt 4 CeN,

as |k| < e, and
1,
Gu| < Ce2' < Ce™,

A A L At
|G12| + |G21| < Ce 2" < Ce™,

R 1
’GQQ‘ < Cet4e 2! < Cef)‘t,

as |k| > R.
In what follows we estimate only Gia over € < |k| < R. When |k| < f’
X+t _ ox-t 1
e L s

‘k‘_)\/% X+ = X—
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1
When |k’ 2 \/T—,y,

1
eX+t _ ex—t B 2¢ 2! sin(% Avy[k[* — 1t)

X+ —X— VR =1 ’

and

1
~2lgin(l 2 _ 1
im 2e” 2" sin(5+/4|k|* — 1t) e 3t < e,

Ik\_,\/g VA k[ 1

Then there exists 0 > 0, if ||k| — ﬁ\ < 0, one has

6X+t — €X*t

X+ — X-

eXx+t _ ex-t (_ikT) - Ce*Atj
X+ — X-
where the fact that
x+ <0 whenever y+ real,
{%Xi = —% whenever y+ non-real and conjugate,

has been used. Therefore, in the completely same way, we can get
G| + |Ga1| + |Gaa| < Ce™,

over € < |k| < R. In summary,

’én\ < C’\k|2e_)‘t + Ce—A\th’

|G| + [Gar| < Clk|(e™ 4 e ARy

|Gaa| < Ce + |k|2e MRt 4 o=t
K2 _
< Clkf2e kPt 4 cet,

(3.30)

as |k| <e, and
(3.31) Gijl < Ce™,  1<ij<2,

as |k| > e.
Now, in terms of (3.30), we can estimate pa(t, k), G2(t, k) as

|p2(t, k)| =|G11p20(k) + Gratin o (k)]
<|Gn|p20(k)] + [Gral iz 0 (k)]
<C(k[*e™ + e ) p o ()|

+ O([kle™ M 4 [kle™) a0 (k).

o (t, k)| =|Ga1pa0(k) + Gasiig o (k)|
<|Gia1||p20 (k)| + |Gas| |t 0 (F))|
<C(kle ™M+ [k|e ™) oo (k)
+ O([k[Pe M 4 ez o)),
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for |k| < e, which prove (3.26) and (3.27). Finally, (3.28) and (3.29) directly follow from
(3.31). This completes the proof of Lemma 3.1. O

Based on Lemma 3.1, it is standard to obtain the following time-decay property for each
component of the solution [pa, usl; the details of proof are omitted for simplicity.

Theorem 3.1. Let 1 < p,r < 2 < q < o0, and let m > 1 be an integer. Suppose that
Us(t) = e'FUsyy is the solution to the Cauchy problem (3.13)-(3.14). Then Us = [p2,us)
satisfies

31
V" pa(t)|lpg < C(1+1) 20 Ilp2,0, w20l Lr

1 1
m+[3(r q)]+[p270, UQ,O]HL’",

3l 1) mtl
IV ua(t)]| g < C(1+1)7 2% ? o205 u2,0]ll e

1 1
- +B3(5—7
+ Ce MV G ) 6 g o],

for any t > 0, where C = C(m,p,r,q) and [3(+ — %)]4_ is defined as

1 1 0, if £ is integer and r = q = 2,
[3 ( B )] + 3L - é)L + 1, otherwise,
where -] denotes the integer part of the argument.
For later use, from Theorem 3.1, let us list some special cases in the following

Corollary 3.1. Suppose Us(t) = e'FUs is the solution to the Cauchy problem (3.13) with
initial data (3.14). Then Us = [pa, ug] satisfies

_3 _
lo2()I < C(L+ )~ 1 [p20, uzlllzr + Ce™ [ [[p2,0, uzoll,

(3.32) ) .
Jug ()| < C(A+ )7 ||[p2,0, uz,0)ll 22 + Ce™ M ||[p2,0, uz,0] |,
(3:33) IVp2()]| < C(1+ )73 [|[p2,0, u2,0]l| 1 + Ce |V [p2,0, uaolll,
° 7
[Vua(8)]| < C(1+1)"1|[p2,0, uz0lll 2 + Ce || V]p2,0, 0],
_3 _

(3.34) { 1p2(8)]lo0 < C(1+ ) 2||[p2,0, u2,0)l| 1 + Ce™ [V [p2,0, us,0],

[ua()[|oo < C(L+1)2|[[p2,0, u2,0]|| 1 + Ce™ (V2 [p2,0, uz,o]l-

4. DECAY IN TIME FOR THE NON-LINEAR SYSTEM

4.1. Time rate for full instant energy functional. In this subsection, we shall prove
(2.12) in Proposition 2.2. The main idea follows from [7] for introducing a general approach
of the combination of energy estimates and spectral analysis. First of all, from Theorem 2.1,
one has

Lemma 4.1. Let V = [o1,v+, E, B] be the solution to the the Cauchy problem (2.2)-(2.3)

with initial data Vo = [04+0, v+0, Eo, Bo] satisfying (2.4). Then, if En(Vo) is sufficiently small,
d

(4.1) L en(v(e) + XD (V) <0

holds for any t > 0, where En(V (t)), Dn(V (t)) are in the form of (2.5) and (2.7), respectively.
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Now, we proceed by making the time-weighted estimate and iteration for the Lyapunov
inequality (4.1). Let £ > 0. Multiplying (4.1) by (1 4 t)* and taking integration over [0, ],
one gets

(1+t)En(V(t) + )\/Ot(l + 5)"Dn(V(s))ds

t
<En(Vo) + ¢ / (14 8)LEn(V(5))ds.
0
Noticing
En(V(t) < C(Dn1(V () + | BII® + llox + o—]?),
it follows that

(1+t)En(V () + /\/Ot(l +5)"Dn(V(s))ds
<&n (Vo) + C¢ /Ot(l +8) T IBIP + o + o-|*)ds

+CY /Ot(l + ) 1Dy (V(s))ds.

Similarly, it holds that

(L4 8 Ena (VD) + A /0 (14 9 Dy (V(s))ds
<Ens1(Vo) + C(0—1) /0 Wt )2 BIR 4 los + o |)ds

+C(-1) /Ot(1 +5) " Dnya(V(s))ds,
and
Exa(V() + A /0 Divsa(V(5))ds < Enya(Vh).

Then, for 1 < £ < 2, by iterating the above estimates, one has

(L+8)En(V(E) + )\/t(l +8)'Dn(V(s))ds
(4.2) LY
<CExya(Vo) + C /0 (4 ) (B2 + oy + o [P)ds.

For this time, to estimate the time integral term on the r.h.s. of (4.2), let’s define

(4.3) Enoo(V () = sup (1+5)2En(V(s)).

0<s<t

Lemma 4.2. For any t > 0, it holds that

IBIP + llos + 0|2 < COU+ )3 (e (V) 50, vl

+ ||[v0, Eo, BO]H%IQHQ) ‘

Proof. By applying the fourth linear estimate on B in (3.15) and the first linear estimate on
p2 in (3.32) to the mild form (3.8) and (3.9), respectively, one has

_3
IBO)| < C(A + 1) |[[uxo, Eo, Bolll 12

(4.5) t 3
+ C/O (1+t—5)"%[g5 (s) — 95 (5), 95 (s) — 95 ()| 1o s,
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_ _s
i+ (t) + p— ]| <Cllp2]| < Ce™ || [ps0, wso]l| + C(1+ )75 | [p+0, ueso]l| 1

(46) 0 [ DNt () 07 (61,08 6) + 3 (s

+ C/O (14t = 8)77]gf (5) + g7 (5), 93 (5) + g5 ()] 2 ds.

Here, the definition for p1, u; and pe, ug in (3.3) and (3.5) has been used.
Recall the definition (3.7) of i, 91, g5 95 and g5, g5 . It is straightforward to verify that
for any 0 < s <t

g3 (s) = 92 (5), 95 (5) = 93 ()l prrprz < CEN(U(5)),
Ilg1 (s) + 91 (5), 95 (5) + g5 (s)| L1z < CEN(U(s)).
Notice that Ex(U(s)) < CEN(V (\/7s)). From (4.3), for any 0 < s < t,
EN(V(V79)) < (1+v/78) 2 Eno(V(VAD))-
Then, it follows that for 0 < s < ¢,
1[g5 () = 93 (), 95 (5) = 65 (N sz < COL+VA5) ™2 EN 00 (V (VL)

_ _ _3
91" () + 91 (5), 95 (5) + 93 ()]l 12 < C(L+v75) 2N 00 (V(VAL).
Putting the above two inequalities into (4.5) and (4.6) respectively gives

IB®)| < C+ )74 (||[uz0, Eo, Bolll i + Enoo(V (/)
lo+ @) + p- @) < CO+1)71 (o0, usol | 112 + Enoo(V(VAE)),
which imply (4.4) due to

1B < CIBE/ VDI, llost) +o- ()] < Cllox(t/vA) + p-(t/vA)

and the fact that [p+,u+, E, B] is equivalent with [0+, v4, E, B] up to a positive constant.
This completes the proof of Lemma 4.2. O

Now, the rest is to prove the uniform-in-time bound of Ex (V' (t)) which yields the time-
decay rates of the Lyapunov functional Ex(V(¢)) and thus ||V (¢)|%. In fact, by taking
(= % + € in (4.2) with € > 0 small enough, one has

t
1+ DFENVO) +A [ (149 Dy (Y (s))ds

0

t
<Cewsa(V) +C [ ()P (IBI + s +o-))ds
0
Here, using (4.4) and the fact that Eno(V(¢)) is non-decreasing in ¢, it further holds that
t ~
/ (14 8)2(|B* + ||[os + o ]||*)ds
0

<O+ 1) (Erae(V(O) + llos0, vollEane + 0, Bos Boll2, ) -
Therefore, it follows that

(1+ t)%+€8N(V(t)) + /\/Ot(l +s)2 +6DN(V( ))ds

<CEN12(Vh) + C1+ 1) (&} oo (VD) + w0, w20l Faze + oo Bo BolllZs 2
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which implies
L+ D5En(V(0) <C (Ensa(Vo) + R ooV (1) + o0, vso) Farzz + v, Bo, Bolli o) -
Thus, one has

Enoo(V () < C (12 (Vo) + EX oo (V(1))) -

Here, recall the definition of en12(Vp). Since en42(Vp) > 0 is sufficiently small, En o (V (t)) <
Ce3y,5(Vo) holds true for any ¢ > 0, which implies

IV (t)|lx < CENV(1))/? < Cenpa(Vo) (1 +1)75,

for any ¢ > 0. This proves (2.12) in Proposition 2.2. O

4.2. Time rate for higher-order instant energy functional. This subsection turns to
the proof of (2.13) in Proposition 2.2. We start with the high-order energy estimate by the
following

Lemma 4.3. Let V = o1, v+, E, B] be the solution to the Cauchy problem (2.2)-(2.3) with
wiatial data Vg = [Jio,vio,Eo,Bo] satisfying (2.4) in the sense of Proposition 2.1. Then if
En(Vo) is sufficiently small, there are the higher-order instant energy functional E%(-) and
the corresponding dissipation rate D (-) such that

d

(4.7) ZEN(V () + MDR V(1) < C|[V(oy + )|

holds for any t > 0.

Proof. It can be done by modifying the proof of Theorem 2.1 a little. In fact, by letting the
energy estimates made only on the higher-order derivatives, then corresponding to (2.16),
(2.19), (2.25) and (2.27), it can be re-verified that

1d 1

2TV o+ VI v IRy < CIV T oo,
d
Y (0, V) + (0% Ve )+ AV ol

1<]al<N-1
SCHV[U-H U—]H?Vfl + CHV”?VHV[U-H 00—, V4, U—} H?Vfl?

d lo" o T n
o > (0% =), 0°E) + A|VE|}

1<|a|<N-1
<C|Vvy, v-]lx—1 + ClIVZ[ot, 0 l[}—o + ClIV[ve, v ]Iv 1[IV Bl n—3
+ CIVI[ZIIVIot, o, vp,v-] 31,

d L 5
- > (Vx0"E,0°B)+ A|V’B|}_3
1<]a|<N -2

<CIV?El}—s + ClIVIvs, v )l}—5 + CIVIHIVIow, 0, vp, v-]lR 1.
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Here, the details of proof are omitted for simplicity. Now, in the similar way as in (2.28), let
us define

EvVE) =IVVIGi+m D, (0%, VO%y) + (0™, V"0 )
1<|a|<N -1
(4.8)

thy > (0%(vy—v ), VO"E)—k3 > (Vx0"E,0°B).
1<[al<N-1 1<|a]<N-2

Similarly, one can choose 0 < k3 < Ko < k1 < 1 with /{3/2 < K3, such that EL(V (1)) ~
|VV (t)||3_;. Furthermore, the linear combination of the previously obtained four estimates
with coefficients corresponding to (4.8) yields (4.7) with D% (-) defined in (2.8). This com-
pletes the proof of Lemma 4.3. O
By comparing (2.8) and (2.6) for the definitions of £ (V' (¢)) and D% (V (¢)), it follows from

(4.7) that
d

ZEN VD) AR (V (1) < CUIVBI* + [VYE, B + [V (o4 + o)1),

which implies

EN(V(H) < eEN (V)
(4.9) t - .
+ C/O e MI(VB(s) 1 + [VNIE, Bl(s)|” + |V (04 + ) (s)]|*)ds.

To estimate the time integral term on the r.h.s. of the above inequality, one has

Lemma 4.4. Let V = [0+, v+, E, B] be the solution to the Cauchy problem (2.2)-(2.3) with
initial data Vi = [040,v+0, Eo, Bo] satisfying (2.4) in the sense of Proposition 2.1. Then if

en+6(Vo) is sufficiently small, where en16(Vy) is defined in (2.11), then
(4.10) IVB@)|? + IVYE®), BOIPHIV (04 (8) + o (1)1
' < Oy (Vo) (L +1) 2

holds for any t > 0.

For this time, suppose that the above lemma is true. Then by using (4.10) in (4.9), it is
immediate to obtain

ENV (1)) < e NEY (Vo) + Oy (Vo) (1 + )3,
which proves (2.13) in Proposition 2.2.

Proof of Lemma 4.4: Suppose that enxy6(Vp) > 0 is sufficiently small. Notice that, by the
first part of Proposition 2.2,

IV (#)||nsa < Cenyo(Vo) (1 + )71,
which further implies from (2.1) that for U = [p+,u+, E, B],
(4.11) U (#) |44 < Cenye(Vo)(1+1)71.

Similar to obtaining (4.5), one can apply the linear estimate (3.17) to the mild form (3.4) of
the solution Uy (t), and the linear estimate on py to the mild form (3.6) of the solution Us(t)
so that

IVB(®)]| < C(1+ )4 |[[us0. Eo, Bolll gy

(4.12) t 5
e /0 (Ut — ) gt () — g5 (5) 03 () — g5 (| papograds
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IVNIE®), B@) < CO+ )75 |[[wso, Bo, Bolll yiw+s

(4.13) : ,
0 [t = 97 (6) = 07 (9.5 4) = 95 (N s
and
IV (o1 (t) + p— ()| < CL+ )~ (|10, uzolll o1 + e[|V [p20, uzo],
(4.14) +C/ L+t — )7 4]|[g7 () + g7 (5), 63 (5) + 95 ()] 1 s

+0 [T () + g1 (1,05 () + 03 ().
Recalling the definition (3.7), it is straightforward to verify
g7 (1) + 97 (1), 95 (1) + 95 O]l 1 < CINU @I,

g3 (2) = 92 (1), 93 () = 95 Ol panzs < CIU D) Faegs vy

g3 (8) = g2 (t), 93 () = 95 Ol papgnsa < CIU D)1 R 44
The above estimates together with (4.11) give
97" () + g7 ()95 (6) + 92 Ol g + g3 (1) — 92 (1), 957 (8) — g5 O]l 14
+ 93 () = 95 (£) 95 (1) = 95 Ol pnss < CIUNRss < Cpo(Vo) 1 +1) 72,
Then it follows from (4.12), (4.13) and (4.14) that
IVB@)| + VY [E®), BOI+IVIp+ (1) + - @)
< Cenva(Vo)(1+1) 71,

where the smallness of en16(Vp) was used. This implies (4.10) by the definition (2.1) of o,
FE and B. The proof of Lemma 4.4 is complete. O

4.3. Time rate in L9. In this subsection we shall prove the time-decay rates in L9 with
2 < g < oo corresponding to (1.4)-(1.7) in Theorem 1.1 for solutions U = [p+,ust, E, B] to
the Cauchy problem (3.1)-(3.2). Throughout this subsection, we suppose that e13(Vy) > 0 is
sufficiently small. In addition, for N > 4, Proposition 2.1 shows that if ex2(V}) is sufficiently
small,

(4.15) [U®ly < Cenra(Vo) (1 +1)71,
and if eny6(Vp) is sufficiently small,
(4.16) IVU®)lIn-1 < Cenyo(Vo)(1 +) 75,

Now, we begin with the estimates on B, [uy —u_, E], uy +u_, p+ —p_ and py + p_ in turn
as follows.

Estimate on ||B||Lq. For L? rate, it is easy to see from (4.15) that
_3
IB#)|| < Ces(Vo)(1 +1)" 7

For L™ rate, by applying the L linear estimate on B in (3.16) to the mild form (3.4), one
has

_3
I1B(#)lloc < C(1+8)72|[[ux0, Eos Bolll 1155

e /0 (4t — )3 gd () — g5 (5) 03 (5) — g5 (M| pargrsdls
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Since by (4.15),
_ _ _3
193 () = g5 (). 95 (1) = 95 Ol p1grs < CINU I < CE(Vo) (L +1) 72,
it follows that
3
[B(t)l|lLo < Ces(Vo)(1+1)" 2.
So, by L? — L™ interpolation,
3 3
(4.17) IB(t)llze < Ces(Vo)(1+1) 2" 2,
for 2 < g < 0.

Estimate on ||[uy —u_, E]||e. For L? rate, applying the L? linear estimate on [uy —u_, E]
n (3.15) to the mild form (3.4),

_5
lus (8) —u— ()l < CAL+1)77 ([lpzoll + l[u0, Eo, Bolll 11f2)

+C/O (14t =977 (lgF () = g7 ()| + lllg3 (5) — 63 (), 65 () = g5 ()] parpz=) s,

5
[E@)|| <C(1+t)"1/[uro, Eo, Bolll 1qgs

+C /Ot(l +t— )15 (s) — 92 (5).95 (5) — g5 (] 11 adls.
Since by (4.15),
191 () = gr (DI + llga () = g5 (£), 95 (1) — 95 Ol 12
<ClU@|} < (Vo)1 +1)"2,
it follows that
(4.18) Jus(t) —u—(@)[| + [EQ@)]| < Ces(Vo)(1 +1)7 4.

For L rate, by applying the L linear estimate on u4 — u— and F in (3.16) to (3.4), one
has

lus () = u-(®)lloo < C(1+8)"*(llpxoll L2z + luzo, Eo, Bolll 111grs)

+C/ +t =572 (lgf () = 91 ()l p2rgre + 93 () — 92 (), 93 (5) = 95 ()]l 1 rs) ds,

N[

HE( Moo < C(1+1)2||[uo, Eo, Bolll 176

e /0 (41— 3)2 g5 () — g7 (5), 6 (5) — g5 (| paragro s
Since
g () — g7 ()l 2z + Nlga () = 95 (8), 95 () — 95 O] s pszs
<C|VU®)|2 < C5(Vo)(1+1)3,

and

g3 (1) — g5 (D)9 (8) — g5 @)]ll2 < CHIUON VU @) + [fus(B)])

< Cles(Vo) (1 + )™ 1) (a0 (Vo) (1 + ) 1) < Ceg(Vo)(1 + 1) 72,
where (4.15), (4.16) and (4.18) were used, then, it follows that
s (t) — u_(£), E(t)|| 1= < Cerz(Vo)(1 + 1) 2
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So, by L? — L™ interpolation,
(4.19) s () — u(8), B(®)l|ze < Cers(Vo) (1 + )2 31,

for 2 < ¢ < co. A similar argument can be applied to the estimates on |Juy +u_||z». For L?
and L™ rate, applying the L? and L™ linear estimate on uy +u_ in (3.32) and (3.34) to the
mild form (3.6), one has

(4.20) Jur () + u— ()]s < Cers(Vo)(1 + 1) >+as,

for 2 < g < co. Combining (4.19) and (4.20), we deduce
hus (8) 120 < Cers (Vo) (1 +1)7*F 2,

for 2 < g < 0.

Estimate on ||p+ — p_||pe. For L? rate, by applying the L? linear estimate on p; — p_ in
(3.15) to (3.4), one has

o+ (8) — p—(t)[| <Ce™|[po, wo]l

(4.21) .
e / e g (5) — g7 (5), 07 (5) — g7 ()] 1.
0
Due to
(1321810 =5 050 = g7 @l £ CUTTNE + o)+ -0 - 1B

< Oy (Vo)L +1) "%,
where (4.16), (4.17), (4.20) were used, then (4.21) gives the slower time-decay estimate

(4.23) o+ (5) = p-(B)]] < Cero(Vo)(1 +1)75.

Similarly for ||ps + p_||, by using the L? linear estimate on p, + p_ in (3.32) to (3.6), one
has the slower time-decay estimate

(4.24) o+ (8) + p-(B)]| < Cern(Vo)(L +1) 1.
Then from (4.23) and (4.24) we have

3
o=@l < Cero(Vo)(1 4 1) 75
For L* rate, by applying the L linear estimates on p; — p_ in (3.16) to (3.4), one has

_t
lp+(8) = P~ D) <Ce™2|[[pz0, uxolll 2r gy

+/ e~ T gy (5) = 97 (), 95 (5) = 93 ()]l o=l
0

Notice that one can check
(4.25) [llg1 (t), 95 D]l g2 < CIVU O alllp= @) + [ [us (), B@)]|[zoe + ux®)]).
The above inequality and (4.22) imply

1191 (1), 93 (Ol o2 < Ceas(Vo) (1 +) 72,
which from (4.25), further gives

I+ (t) — p—(t)]]| L < Cers(Vo)(1+1)72
So, by L? — L™ interpolation,

_g_1

(4.26) o+ () = p— ()]l za < Cera(Vo)(1 +1) """,
for 2 < g < 0.
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For ||p+ + p—| e, by using the L> linear estimate on p4 + p_ in (3.34) to (3.6), one has
the slower time-decay estimate

3
(4.27) lo+(t) + p— ()| < Cers(Vo) (1 +¢) 2.
Combining (4.27) and (4.24), we deduce that

(4.28) o (®) + p(B)llie < Cers(Vo)(1+ 1) 3+,

for 2 < ¢ < o0.
Thus, (4.17), (4.19), (4.20), (4.26), (4.28) give (1.7), (1.6), (1.4), and (1.5) respectively.
This completes the proof of Theorem 1.1.

5. APPENDIX

In this appendix, as a byproduct of Theorem 3.1 and Corollary 3.1, we shall improve the
results in [18] about the time-decay rates of solutions to the following Cauchy problem on
the damped Euler system:

-1

6tu—i-V-v:—v~Vu—fy uV - v,

(5.1) -

ov+Vu+av=—-v-Vv— uVu,

with initial data

(5.2) (u,v)|t=0 = (uo, v0),

where a > 0 is a constant. Here, we have used the notion [u,v] instead of [pa,ug] for
convenience of comparison with [18]. In fact, from Corollary 3.1, we notice that the decay
rates (3.32), (3.33) and (3.34) for the linearized system of (5.1) are much better than those
in Lemma 6.1 of [18]. In order to obtain the same rates in the nonlinear case, we need the
energy inequality of solutions under smallness of initial data as in (4.1).

Lemma 5.1. For the damped Euler system (5.1), the solution [u,v] to the Cauchy problem
of (5.1) with initial data [ug,vo| satisfying ||[uo,vol||gs < 6 for 6 > 0 small enough has the
following proposition

d
(5:3) Sl il + A Vulze + ol7s) <0
for any t > 0.

Proof. For each multi-index |a| < 3, from the first two equations of (5.1), energy estimates
on 0% and 9%v give

1 d (6% (6% «
3719 [w, ][> + al|0%0||* = = Y C§lap(t) + L(t),
B<a
with
—1
Log(t) = (8°Pu-VoPu,8%u) + VT@a—ﬁuv . 9By, %)
—1
+’YT<8Q_ﬂuV86u, 9%v) 4+ (0 Pv - Vv, 0%),
and

1 —1
1(t) = 5(V -, [0%ul + [0°v]?) + %@% - Vu, 0°u),
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where integration by parts was used. In a similar way as in the proof of Theorem 2.1, we can
bound |13 (8)] + L, 5(t)] by

(O] + a0 < Clllw, vl 1V [, 0] 7o

Taking summation over |a| < 3, we deduce
1d
2dt

Furthermore, to include the estimate on ||[V9%u||? when |a| < 2, applying 0% to (5.1), taking
integrations in « and then using integration by parts, and also replacing dyu from (5.1); gives

(5-4) s )l + allvllzgs < Clllu, vlll sV [, ][

d
dt(@ v, Vo%u) + ||Vo“ul?

= —a(0%), V%) + |V - 0%|* + (0%(v - Vu +
—{0°(v- Vo + 1=

—1
7 uV -v), V- 0%)

1
uVu), Vo“u).
Then, it follows from Cauchy-Schwarz inequality and taking summation over |a| < 2 that
(5.5) - Z 0, VO“u) + M| Vullfz < CllollFs + Il [u, o]l ]V [w, 0|2
|a\<2
Combining (5.4) and (5.5), similar to Lemma 4.1, (5.3) follows due to smallness of initial

data. This completes the proof of Lemma 5.1. O

Proposition 5.1. Let [u,v] be the solution to the Cauchy problem of (5.1)-(5.2) with initial
data satisfying ||[uo,vo]|l g3 + |[[wo, volllzr < 6 for 6 > 0 small enough. Then, one has the
following time-decay estimates:

5 3

lu®l <CO+H75,  [Va@l < CO+7F,  Ju@)|e= < CO1+8)72,

@)l < CA+8)~5, Vo) <CL+8)7T, Jolt)ll= < C1+1t)72
for any t > 0, Furthermore, ||[u,v]|gs < C(1+ t)_%.
Proof. Define the time-weighted sup-norms:

Lo(t) = sup {(1+ 8)il[u(- )| + (1 + )7 [lo(-, )|},

Li(t) = sup {(1+8)[Vul, )] + (1+ )T Vo( )]}

Loo(t) = Oiligt{(l +5)2 [ s)llpe + (14 5)2[o(, 8)[[1e},

3
E(t) = sup {(1+ s)%([[u, v](:, 8)l| s}
0<s<t

In the following, we will prove the bound of Ly(t), £(t), L1(t), and Lo (t) by four steps.
Step 1. The bound of Ly(t)

It follows from Theorem 3.1 and Duhamel principle, we have

5
lo(@)]] < C(1+ )" 1|[uo, voll 11 + Ce™ | [uo, wo] |

t t
(5.6) +/@+nﬂ “Tlew, vu)(. ﬂm@+/ At=9) || G(U, VU (-, s)||ds.
0 0
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By some direct calculations, we have the following estimates:

6.7 NGO VU s)n < CIUC)IIVUC s)l| < CLo(H) La()(1 + )74,

[

1

(5.8) NG, VU)(8)ll12 < CIIUC )= VU 8)[| < CLoo(8) L1 () (1 + )75
The above two estimates (5.7)-(5.8) together with (5.6) give

-

[lo@®)[] < C(1+ t)_%(5 + Lo(t) L1 (t) 4 L1(t) Loo (1))
Similarly, we have

lu(®)] < C(1 + t)—%((s + Lo(t) L (t) + L1(t) Loo (1))
Therefore, we have

(5.9) Lo(t) < C(5 + Lo(t)L1(t) + L1 (t) Loo(t)).

Step 2. The bound of £(t)
From Lemma 5.1, (5.3) implies a Lyapunov-type inequality

d
Z s vl + Allfw, )77 < Clull®.

It is immediate to obtain
t
1w, 0] s < Cem || [uo, vol | +/0 e M lu(s) |2 ds

(5.10) < CO 46725+ Lo(®)L1(t) + L1 (t) Loo(t)),

where we have used the estimate of ||u|| in (4.18). (5.10) implies that £(¢) is bounded in the
following form

(5.11) E(t) < C(5 + Lo(t) L1 (t) + L1 (t) Lao(t)).

Step 3. The bound of L;(t)
It follows from Theorem 3.1 and Duhamel’s principle, we have

7
Vo)l < C(1+ 1)1 [uo, vo] [l 1 + Ce™||V[uo, vol |

(5.12) +/0 (1 +t—s)ZHG(U,VU)(-,S)HLl(s)ds+/0 e M=) |\ VG(U, VU (-, s) | ds.

Here, we only to estimate |[VG(U, VU)| as follows:

IVG(U,VU) (-, )| < CIIUC, 8) |2 [IV2U(C 8)[| + VU, 5) (174
< CIIU(-,S)IILooHVQU('g, sl
< CLa()EM) (1 + )71,

Plugging the above estimate and (5.7) into (5.12), we have
7
(5.13) [Vo@)|| < C(1+1t)"1(5 + Lo(t)L1(t) + Lo (t)E(t)).

Similarly, we have

5
IVut)] < C(1+ )" |[ug, voll 11 + Ce™ [V [uo, vol|

+/ (1+t—s)—iHG(U,VU)(.,s)||L1(s)ds+/ e |V G(U, VUY(-, 5)||ds
0 0

(5.14) < C(1+8)1(6+ Lo(®) L (t) + Lo (DE(L)).
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Combing (5.13) and (5.14), we have
(5.15) Li(t) < C(0+ Lo(t)L1(t) + L1(t)E(1)).
Step 4. The bound of L (t)

It follows from Theorem 3.1 and Duhamel principle, we have

o)l < O+ 6)2[uo, v0lll 11 + Ce [ V2[ug, vol |
t
4 / (L4t — ) 2| GU, VU)(- )] 12 (s)ds
0
t
+/ e 9|\ V2G(U, VU)(-, s)||ds.
0

The rest is to obtain the estimate of ||V2G(U, VU)|,

IV2G(U,VU)(-, 8)| < CU(, 8) | = [[VPU (-, s)|| + CIV2UVU ||
<qlug, 5)||L°°HVSU('97 s)
S CLoo()E)(1 +5)7 14,

which implies
(@)l < CA+8)72(0 + Lo(t) L1(t) + Lo ()E(1)).
The similar argument for ||u(t)|| e with decay rate (1 + t)_%, then we have

(5.16) Loo(t) < C(6 + Lo(t)L1 () + E(t) Loo(t)).-

Now, define Q(t) = Loo(t) + Lo(t) + L1(t) + £(t). The summation of (5.9), (5.11), (5.15)
and (5.16) implies that

Q1) < C(6 +Qt)*).

Since ¢ > 0 is small enough, Q(¢) < C0 holds true for any ¢ > 0, which implies Lo(t), L1 (t),
E(t) and L (t) is bounded for all time. Then the proof of Proposition 5.1 is complete. [

Remark 5.1. The rates shown in Proposition 5.1 are better than Theorem 6.1 in [18] in the
2 in L?. In this sense,
the appendiz here can be viewed as a generalization of [18] with respect to the time-decay

rates.

sense that the momentum component has an extra time-decay (1+1t)~2
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