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Abstract

We prove that for a contractive self-similar iterated function systems, if the
matrices are commensurable, then the post-critically finite property implies the
open set condition.
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1. Introduction

Throughout this note we assume that {S;}"_, is an iterated function system (IFS) consisting
of m contractive similitudes on R?:

Six)=A;(x+d)), j=1,...,m, (1.
where A; = p;R;,0 < p; < 1, {R;}""_, are orthonormal d x d matrices and d; € R?. Tt is

J
well known that there exists a unique compact subset K C R? such that [H]

K = U Si(K).

j=1
The compact set K is called a self-similar set. The IFS {S;}7_, is said to have the open set
condition (OSC) if there exists a bounded nonempty open set V such that

Usimcv and S(V)YNS;(V) =0 if i # j.
j=1

The OSC asserts a separation property in the iteration, it is one of the most fundamental
conditions in the study of the IFS and the attractors. However, other than the obvious cases, it

0951-7715/08/061227+06$30.00 © 2008 IOP Publishing Ltd and London Mathematical Society ~Printed in the UK 1227


http://dx.doi.org/10.1088/0951-7715/21/6/004
mailto: dengfractal@126.com
mailto: kslau@math.cuhk.edu.hk
http://stacks.iop.org/no/21/1227

1228 Q-R Deng and K-S Lau

is usually difficult to verify such a condition [SSW,BR]. Indeed, the following conjecture has
not been answered.

Conjecture. Suppose #(S;(K) N S;(K)) < oo, i # j, then {S;}/_, has the OSC.

We refer to the above condition on K as finitely ramifiable, thatis, K becomes disconnected
if we remove the finite set of points in the intersection. A simple example of this is the Sierpinski
gasket. This property has been used by Lindstrgm [L] in the consideration of Brownian motion
on the nested fractals. The more general class is the celebrated post-critically finite (p.c.f) self-
similar sets introduced by Kigami [K1,K2], which has been used extensively in the study of the
Laplacian on fractals. The question whether such IFS satisfies the OSC has also been raised.

The above conjecture for the finite ramifiable self-similar sets has been proved by Bandt
and Rao in R? [BR] for the special case that K is connected. Our goal in this note is to consider
the problem on R?, but on the more restrictive p.c.f. self-similar sets. We will define the notion
of p.c.f. in the following section after setting up some of the notation. To say that {A;}/, is
commensurable, we mean the existence of a matrix A such that A; = A" for some positive
integers n;, 1 < i < m. We prove the following theorem.

Theorem 1.1. Suppose the IFS {Sj};f':1 in (1.1) is p.cf. and the associated {A;}[_, is
commensurable, then the IFS satisfies the OSC.

2. Preliminaries and lemmas

Let X = {1,...,m}, ¥* = Un>02” and TV = {i = iyip...i,... :ij € X}. For any
i=ip...in€Xj=J1jo...Jk € Ek,weletij =1iyly...0yj1j2 ... ji be the concatenation;
we also denote j, j, - - -ji by j* ifj, =jforalli. Foranyn > 1andi = iji...i,... € XV
(ori =1iyir...ix € % k > n), weleti|, =i,...i,. Also, we let o denote the (leff) shift on
EN, i.e. O’(iliz .. ) = (i2i3 .. )

For the family {Sj}_’/’.’:] of similitudes, we let S; = S;, 0---0 S;,, A;i = A;, --+ A;,. Also
we let 7 (i) be the unique point in ﬂ:iol Si, i, (K). It is clear that the following lemma holds:

Lemma 2.1. Leti = iyiy... € XN and let 1, T, ... € £* be any sequence of finite words.
Then for any x € R", the sequence {S;,,..i,r,(x)}:2, converges to w ().

The following characterization of OSC is due to Bandt and Graf [BG] together with a
result of Schief [Sch], where Sj_1 o §; describe the differences between the two maps S; and S;.

Theorem 2.2. Let {S; }’}Ll be contractive similitudes and let
S ={S oS ijeT" i#j}
Then {Sj};f’zl satisfies the OSC if and only if the identity map I is not in the closure of G.

We will use the contraposition form of this theorem to prove theorem 1.1. First we prove
the following lemma.

Lemma 2.3. For any {S;}}_, of contractive similitudes, if I is in the closure of &, then there
existi = ijip... € EN,j = jij2... € >N and u,,v, € T* such that |u,|, |v,| > n,
u,,In = i] ...in, 'Un|n = j] Jn’ i] sﬁ j] and

lim S;'0S,, =1

n— 0o
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Remark. In the above case, the finite words u, and v, can be written in the forms

wy =it...in7l) .. 7" and v, = ji ... juoln ... 0", respectively.

Proof. By assumption, there exist two sequences {u,}, {v,} C X* such that |u,]|, |v,| - oo
and Sv‘"1 oS8y, — I asn — oo. Also by cancellation, we can assume that u,|, # v,|; for
each n.

We use the diagonal method to select two subsequences from u, and v, to satisfy
the requirement in the lemma: there exist i;, j; € X, iy # j; such that the
set Ey={n>0: u,|; =i, vy|y = j1} is an infinite set. Inductively, we can find

iyeveesify.er € 2y Jiy..y jr»... € 2 such that for each k, the set Ey = {n € E;_ :
Uyl = iyin...i, Uyl = jij2--.Jjx} is an infinite set. Hence we can choose an increasing
sequence n; € Ej such that the sequences {u,, } and {v,, } satisfy the lemma. 0

For an IFS {S j};f‘zl of contractive similitudes, we define

k= J G&NS;K),  Cc=x""Ck).
i, jET,i#]
Following [K2], we say that {S;}"_, has the p.c.f. property if the set P = Uy, 0™(C) is afinite
set, where o is the shift operator such that o (i1ip...ix...) = i2i3...ix.... This condition

implies that each i € C is eventually periodic in the following sense:

Proposition 2.4. If {S; '}’zl has the p.c.f. property, then there exist integers N, £ > 0 such that

foranyi=iji, ... €C, the sequence o™ (i) has period L.

Proof. Let N denote the number of elements in P. For any i = i;i»... € C, the sequence
{o"(D)}72, has at most N elements; this means that forn > N, 0" (i) = i,411,42 . . . must repeat
its predecessors. Let k and p be the smallest integers such that o¥ (@) = o**7 (). It is easy to
see that k < N and o*(i) is a periodic sequence with period p. Hence i is periodic starting
from the index N. The lemma follows by letting £ be the least common divisor of the periods
foralli € P. g

Lemma 2.5. Leti,j € >N pe defined as in lemma 2.3, then we have

i,jeC and @) = n(j).
If in addition {S; };’.1:1 has the p.c.f. property and the matrices {A;}/L, are commensurable
(i.e. A; = A™), then (using the notation in proposition 2.4), there exist o« € X7 and 3 € X1
where p, q are multiples of £, such that

INeliNg2 .. =Q- -, N+t jNs2 ... =B B

and A, = Ag.

Proof. It is easy to see that lim,,_, Sy, LS Sy, = I implies lim,,_, 5o (Sy, (x) — Sy, (x)) = 0,
x € K. Using the expressions in the remark of lemma 2.3, we have

nlLIglo(S]]Jn O S”ﬂ)l”;iz) (.x) — Sil.“i,, e} Sf,gi)r"’f/i,':) (.x)) =0 VxeKk.

On the other hand, lemma 2.1 ensures that
lim S.

O}
n— 00 11...0,4T,

el
Hence 7 (i) = 7 (j), and this common point is in S;, (K) N S}, (K). By the definition of C, the
first part of the lemma follows.

0 (x) = @) and Iim S. . w " (x) =7 ()).

n—oo Jl=JnOng-
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To prove the second statement, we observe that i,j € C imply that iy -« iy4, - - - and
JN+1 - jN+n - - - have period £ (proposition 2.4). By the commensurability of the A;s, we
can write

AiN+1“'iN+é = A’ and AjN+l"'jN+l = At
for some integers s, # > 0. Hence A;,,..iy,, = A" = A}, ..jn.e- The assertion follows by
letting p = t¢, g = s¢ and

QO =1iNi] .. INtps B = jN+1 - jN+g- O

3. Proof of the theorem

Proof of theorem 1.1. Suppose on the contrary, {S;}_, does not satisfy the OSC. Then by
theorem 2.2 and lemma 2.3-2.5, there existi = ijir...,j = jij»... € C with i} # j;, and
finite words u,,, v, € X* such that = (i) = 7 (j),

Uplp =11 0n, Unln = Jji -+ Jns lwnl Zn, |oi| 2 n,
and
lim S, 1o, =1.
We let o« = iny1...0n+p and B = jyu1 ... Jn+g be the periodic segments of i and j as in
lemma 2.5. Also we let
a=i...iya, b =j...jn8
and
hy = max{k > 0 w,|(y+pyenp = A}, ky = max{k > 0: v,|(v+g)+kg = bB*}.
Since u,|, = ii...iy, Vnln = Ji-...jn, we know that h, and k, are well defined and finite

for n large (as u,, is a finite word). Furthermore, k,, h, — 00 as n — oo. Note that either
h, < k, for infinitely many n or the other way around. By passing to subsequence, we assume
that 1 < h,, <k, forall n > 1. Hence we can write

e, Vp = ji... jut, =bB"B,, 3.1

where oy, 3, € ¥* are finite words. This means that for |, | > p, then o, |, # o

U, =1Iy...i,7, = ao

Next we let x;, x, € K be the fixed point of S, and Sg, respectively, i.e.

X1 = Sa(x1), X2 = Sg(x2).
We claim that

lim S,, (x) = x, lim Sg, (x) = x2, VxeKk. 3.2)

n—oo n—0oQ
Indeed by lemma 2.5 and the proof there, we have

Saaim (X1) = Spgin (x2) = w(@) = 7(j), Vn>0, (3.3)
which also equals S, (x1) = Sp(x2). Since lim,,_, oo Sb_ ,8]”” 3, ©Saatna, = I and S, is contractive,
using the notations defined in (3.1), we have, for any x € K,

lim (S, 1, © Saatna, (X) = Sp, (1)) = 0. (3.4)

n—oo b
Note that A, = Ag (lemma 2.5). Since {A;}/L, is commensurable, welet A, = A", Ap = A"
and A, = A”. Then by using

Sucin (X) — Sgam (x1) = A (x — x1)
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and
Sy (V) = 8,5, (0) = AT (y = y),
we have
Sy © Saina, () = X2
= S, © Saatna, (X) = Sy, © Spgm (x2)
= AT (Spatna, () = Spgin (12)
= A7 (Spaina, (¥) = Saai (¥1))  (by (3.3))
= A" (Sq, (x) — x1).
This together with (3.4) yields
nlingo(Arl”z(Sa,l (x) —x1) — (S5, (x) — x2)) =0, x ekK.

Foreach x € K, the sequences {Sq, (x)} and {Sg, (x)} have converging subsequences. Without
loss of generality, assume that lim,, . o Sq, (x) = y1 and lim,,_. Sg, (x) = y». Then the above
relation implies that

AT (yr = xp) = Y2 — X (3.5)
Using (3.3), (3.5), and noting that A, = A" and Ap = A", we see that

Sa(1) = Sp(y2) = Sa(x1) + A" (y1 — x1) — Sp(x2) — A(y2 — x2) = 0.

This implies S,(y1) = Sp(y2) € §;,(K) N S; (K). By the p.c.f. assumption, there exists
w = wwy--- € TN guch that y1 = 7(w) and aw € C. Note that aw = i - iyow,
proposition 2.4 and lemma 2.5 imply that cew has period £, hence, w = aex . . . by the definition
of a. Therefore y; = x|, and also y, = x, by (3.5). Since x; and x, are independent of x € K.
Hence the claim follows.

The claim also shows that o, and 3,, are nonempty words for n large and that || — o0.
To arrive at a contradiction, we can apply a similar proof of lemma 2.3 to the sequence {a,},
toobtainau = uyuy...u,... € 2N and a subsequence {o, } such that o, |, = u; ... u, for
all n. Hence by the above claim and lemma 2.1 we have

x| = lirr;O Sa, (x) = ILHQO Sa,, (X) = ().
Therefore by (3.3),
w(au) = Sp(m(m)) = Sy (x1) = 7@) = 7 (j).

We conclude that au € C. Note that @ = i;...iyo, so proposition 2.4 implies that
auuy . ..Uy, - - - has period £. Hence o,|, = o for infinite many n > 0, which contradicts
the construction in (3.1) that o, |, # « for all n. Hence {Sj};”:1 has the OSC.
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