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We consider a generalized iterated function system where the weights are
variable functions. By using the Ruelle operator and a dynamical system considera-
tion we prove that if the system is contractive and the weights are strictly positive
functions and satisfy the Dini condition, then there exists a unique eigenmeasure
(corresponding to the Ruelle operator) on the attractor. If in addition the maps are
conformal and satisfy the open set condition, then we prove that they satisfy the
strong open set condition, and by using this we can give a description of the
LP-scaling spectrum and the multifractal structure of the eigenmeasure. The work
extends some results of [ Proc. London Math. Soc. 73 (1996), 105-154; Adv. Appl.
Math. 19 (1997), 486-513; J. Statist. Phys. 86 (1997), 233-275; Indiana Univ. Math.
J. 42 (1993), 367-411].  © 1999 Academic Press

INTRODUCTION

Let (X, d) be a compact metric space, let {w;}'_, be a set of contractive
maps from X into X, and let {p]}”, be a set of nonnegative continuous

functions on X. We call the triple (X,{w},,{p}'_1) a contractive system.
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This setup is a generalization of the usual iterated function system with
constant probability weights or with variable weights {pj}j’i1 satisfying the
normalization condition Z;”:lpj(x) =1 [1, 12]. In this paper, we are
interested in the probability measures which are solutions of the equation,

Ap = ZP/(X)M"W/‘%- (0.1)
j=1

For this we consider the Ruelle operator 7: C(X) — C(X) where C(X)
is the space of continuous functions on X and

11(5) = X () ((2)). (02)

The adjoint operator T* on the space of regular Borel measures M(X) is
given by

m
T*u = ZP/(X)P«°W,'71-
j=1

It follows that the measure solution in (0.1) can be regarded as an
eigenvalue problem of the adjoint operator 7*. We are particularly inter-
ested in the largest eigenvalue p, which corresponds to the spectral radius
of T*. We call log p the pressure of the system. The eigenmeasure
associated with p, when suitably normalized, is called the Gibbs measure.
Our first goal in this paper is to establish the fundamental existence and
uniqueness of the eigenmeasures under the condition that the p;s are
strictly positive and log p; satisfy the Dini condition. In general, the
existence is quite easy to obtain, but the uniqueness is more intricate. The
key idea of the proof is to relate this with a dynamical system on a
symbolic space. Note that in [20], Quas gave an example that the eigen-
measure is not unique if we just assume positivity and continuity on the
p;s- In [9], the existence and uniqueness of the eigenmeasure was discussed
when the maps w;s were just weakly contractive.

We remark that an alternative approach to this eigenproblem is to use
the theory of quasi-compact operators [11]. But then the Dini condition
does not work and the stronger Holder condition is needed. In [1], there is
a probabilistic proof of the theorem but under a normalization hypothesis
L pi(x) = 1 forall x € X. We see that even if we would like to study the
system with the hypothesis ij(x) =1, we are yet led to consider the
others systems with weights for which the hypothesis is no longer valid.
Strichartz, Taylor, and Zhang [26] have also studied the problem here on
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= [0, 1] using continuous w;s only, but with a certain separation condi-
tlon A more detailed study along this line is given by Oberg [17].

If {w]}, are contractive conformal maps on a domain of R, we call the
corresponding eigenmeasure w a self-conformal measure. We study the
multifractal formalism and the L-scaling spectrum 7(g) of such measure
by making use of the Ruelle operator of the form,

T, .f(x) = ilpj(wj(x))qlw;(x)|‘af(wj(x)),

where |w/(x)| is the operator norm of w/(x) on R?, and equals [det w!(x)[*/ ¢

because of the conformal property. Under the condition that {w;}™,
satisfies the open set condition (see the definition in Section 2) and that
{log pj}léjgm satisfies the Dini condition, we prove that the L?-scaling
spectrum 7(q) is the unique « such that the spectral radius of T, , equals
1 (Theorem 3.3). The function 7(g) is strictly convex and analytic. Its
Legendre transformation describes the multifractal structure of the self-
conformal measure (Theorem 3.4). In the case that the weights are
constant probability weights and the wis are similarities with contracting
ratio r;, it is well known that 7(q) = « satisfies

Y piric=1
j=1

which can be viewed as a special form of 7, ,1 = 1.

The proofs of the previous results on ’T(q) and on the multifractal
formalism are based on the so-called measure separated property in the
sense that u(w,(K) N w;(K)) = 0, i #j. By using the technique of Schief
[24] and Lau and Wang [13], we show that the open set condition implies
the strong open set condition (Lemma 2.6) and hence the measure sepa-
rated property (Theorem 2.2). This property allows us to establish a
one-to-one relationship between the attractor K and a symbolic space 3,
except for a u-zero set. Then the dynamical system on the symbolic space
applies.

The self-conformal measures have also been studied by Strichartz [25],
Mauldin and Urbanski [16], Pesin and Weiss [19], and Patzschke [18]. The
technique in [25] is to use approximation by family of self-similar measures
while the other three make use of the Ruelle operator. In [16], the setup is
for iterated function systems with a countable family of conformal maps
and the main interest is on the structure of the attractor. In [19], the
consideration is on the conformal repelling system determined by a confor-
mal map g on X (the branches of g~! correspond to the contractive
system), and a Moran-like iteration under a separation condition on the
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attractor which is stronger than the open set condition we use here. The
separation assumption in [18] is a consequence of the open set condition as
is proved in Lemma 2.6.

The material of the paper is organized as follows. In Section 1, we use
the Ruelle—Perron—Frobenius theorem on the symbolic space to prove the
existence and uniqueness of the Gibbs measure for (X,{w;},{p;}) under
the assumption that the weight functions log p; satisfy the Dini condition.
We also establish the Gibbs property under the measure separation
property. In Section 2, we study the conformal iterated function system
with the open set condition and we prove that for such a system the
measure separation property holds (Theorems 2.1 and 2.2). We also
consider the Hausdorff measure ./Z° on the attractor as a self-conformal
measure. This result is known [16] but the proof here is quite natural
under the present setup and the assumption is slightly more general. In
Section 3, we consider the L?-scaling spectrum and we prove the multifrac-
tal formalism for the self-conformal measures (Theorems 3.3 and 3.4).

1. TRANSFER OPERATOR AND GIBBS PROPERTY

Let {w;}"; be a contractive iterated system on X. It is well known that
there eX|sts a compact attractor K that satisfies K = U, w,(K) [10]. This
invariance property allows us to restrict the operator T on C(K) and T*
on M(K). For a function p: X — R, we denote its modulus of continuity
by Q(p,t) = max{| p(x) — p(y)l: d(x,y) < t}.

THEOREM 1.1.  Suppose (X, {wj}, {pj}) is a contractive system such that

Q(log p, t
fl%dt<oo, 1<j<m.
0

Let K be the attractor and let p be the spectral radius of T restricted to C(K).
Then there exists a unique 0 < h € C(K) and a unique probability measure
uw € M(K) such that

Th = ph, T*w=pp, (ph)=1

Moreover, for every f € C(K), p~"T"f converges uniformly to { w, fYh, and
for every £ € M(K), p~"T*"¢ converges weakly to { &, h) .

The measure i = hp is called the Gibbs measure of the system. The
condition of the modulus of continuity on log p; is called the Dini
condition. The special case for symbolic spaces is known as the Ruelle—
Perron—Frobenius Theorem [3, 8, 23]. We are going to prove Theorem 1.1
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as a consequence of this special case. Let us first introduce some nota-
tions. For a multi-index J = (j, j,,...,j,) with j, € {1,2,...,m}, let |[J| =
n denote the length of J and let

w; = leo sz O = Oan,
K, =w,(K),
p;(x) :le(x) Pj,,(x)!
Pu(X) = pi(wy o e ewix) - py (W 0w ) py (W x).

It follows by induction that

T'f(x) = X pu(x)f(wi(x)).

[Jl=n
The strictly positive eigenfunction % in Theorem 1.1 will play a crucial

role. It allows us to introduce the normalization of T: C(K) — C(K)
defined by

.1
= 5T,

The following proposition is easy to check.

PropPoSITION 1.2.  Let h be the strictly positive eigenfunction of T and let

B pj(wjx)h(w]—x)
4(x) = ph(x)
Then
T(x) = T a,(x) (),
j=1

and T1 =1 (i.e., ijlaj(x) =1).

The key idea of proving Theorem 1.1 is to establish a *‘conjugacy”
relation between our system and a symbolic space. By a symbolic space we
mean the infinite product space 3 = {1,2,...,m}". For o = (g,) € 3, we
write ol = (0y,...,0) and o|* = (0,4, 005, ...). The shift transfor-
mation on 3 is defined by 6(¢) = o|. For ¢ and o', we define their
distance as d(o, 0’) = e "(“:7") where n(o, ¢') is the largest n such that
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ol, = a'l,. It follows that a cylinder set I (o) is the ball of radius e~ of
center o. Define

ui:x -3 byuo=jo,l<j<m.

Then 67 (o) = {u,(o)}. The system (2, {u;},{g;}) with an arbitrary choice
for g; is called a symbolic system. With a suitably defined weight g;, this
symbolic system becomes a prototype for a general system. For our case we
define g: X — R™ by g(0) = g;(0) = p(w(0)) if o € u(3) where 7 is
defined in the next proposition. Let 4y and » be the eigenfunction and
eigenmeasure of the system (X,{u;}, ¢) as in Theorem 1.1. The Gibbs
measure Of this system will be denoted by ¥ = Ay v. The following estab-
lishes the conjugacy and ensures the existence of w in Theorem 1.1.

ProposiTION 1.3.  Let (X, {wj}, {pj}) be a contractive system with attractor
K. Lety € K be fixed and let 7: 3 — K be defined by

7(0-) = nll_rjlw(rb,(y) = nli_r)rlwal o Wo’,,(y)'

(i) The limit exists and is independent of y € K. The mapping  is
continuous and onto, and satisfies  © uj=wyem, 1<j<m.

(i) Let pu be the image of v under m, then w satisfies T*u = ppu.

Proof. (i) is a consequence of the contractivity of w, and is well
known [6]. To prove (ii) we define the transfer operator S: C(3) — C(2)
by

Se(0) = X a(u,0)8(ay),

and also 7: C(K) — C(X) by 7f = f o ar. By observing that for x = (o)
and 1 <j < m,

q(u;o) = p(moui(a)) =pi(wiom(a)) = pi(wx),

it is routine to check that 77 = S7. It follows that S"1(¢o) = T"1(wo).
Because T and S are positive operators, their spectral radii are, respec-
tively, given by

lim |772~" and lim ||S"1]|*".

n— o n— o
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From this we conclude that 7" and S have the same spectral radius p. Now
suppose S*v = pr and w is the image under 7 of v. Then T*u = pu is
checked by

Copn 72 =Cpv, fom)y =LS*,7f) = (v, S7f)
= (v, 7Tf) =, If ) = (T*u, f).
|

Proof of Theorem 1.1. For a multi-index J, we can define, analogous
to Dy,

q.(0) = q(”h (o)) q(ug,u(0))a(u (o).

Then for x = w(o), we have g,(o) = p, (x). Note that o =u, (6").
Then for o and ¢’ in X such that ol, = o'l,,

logg(o) —logg(o’)
= log pal(rr ouv‘n(O”a')) — log pul(ﬂ' ° ua‘"(e"a"))
= log pal(wa‘now((?”o)) — log pgl(wglnow(ﬁ?”o-’)).

It follows that
Q(logg,e™) < 1r<r}éixmﬂ(|09 Pj» (rmax)n)’

where ry,, < 1is the maximum of the contractive ratios of the w;s. Note
that the Dini condition implies that for any 0 <a < 1,

Y. Q(log p;, a") < .

n=1
The last two inequalities imply that the Dini condition of the Ruelle-
Perron—Frobenius theorem is satisfied for the system (X, {u}, ¢) (see [8)).
Hence there exists a strictly positive function #y € C(X) and a probability
measure v € M(X) such that

Shy = phy, S*v = pv, (v,hy) =1.
Now note that for any f € C(K) and for any n > 1,
(T"f)em=S8"(fem),

and that p™"S"(f - =) converges uniformly. Because 7 is a mapping from
3 onto K, then p~"T"f converges uniformly to a function, which is an
eigenfunction associated with p if the limit is not zero. Actually, if we take
f to be the constant function equal to 1, the limit of p™"S§"1 is the function
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hy which is strictly positive. We can deduce that the corresponding limit of
p "T"1 is also strictly positive. Thus we obtain a strictly positive eigen-
function of T associated with p. Take such a strictly positive eigenfunction
h such that { u, i) = 1. We claim hoa = hy. This is because (v, hom) =
(u,hy =1and

S(hom) =8S(7h) = 7(Th) = pth = p(he).

The claim follows then from the uniqueness of /5. Let Sand T be defined
as is Proposition 1.2. Note that

1
pthoe
1

1 ~
= ST = (s 7f) = S,

(rT")f (rT")(hf)

Because S"(rf) converges uniformly to the constant (v, rf), we deduce

that 7"f also converges uniformly to the same constant, using again the

surjectivity of 7= and the previous argument. The constant is actually

{ m, f. Thus we have proved the convergence of p™"T"f to { u, f)h.
For any £ € M(K),

Cp™"THE ) =& p"T"f) = (&, fr =& o, ),

which means p™"T*"¢ converges weakly to { &, h)u.
For the uniqueness of w, we suppose that there exists another eigen-
measure w'. Then

po=p T = (u' b
Because w and w' are probability measures, we have
1=(p, =, i)u,1) =, h).

Hence p' = u. The uniqueness of £ is a consequence of the convergence
p "T"f, using the preceding argument. |i

ProrosiTiON 1.4. Let (X, {wj},{pj}) be defined as in Theorem 1.1. For
q € R, consider the Ruelle operator T,: C(K) — C(K) defined by

1,7 = £ ()" f(0)

Then the pressure function log p(q), where p(q) is the spectral radius of T,, is
a real analytic function.
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Proof. The proposition is well known for S : C(3) — C(3) when the
p;s are strictly positive Holder continuous functions (see, for example,
[23]). Its proof depends on that p(q) is an isolated point of the spectrum of

T, and that the eigenspace is one dimensional ([5, p. 587]). The same proof
will apply here. |

In the following we consider the important Gibbs property of the eigen-
measure in Theorem 1.1. To abbreviate notations we write a, = b, to
mean the existence of a C > 0 so that 0 < C™'a, < b, < Ca,, for all n.

LEMMA 1.5.  Let {a,},{b,} be positive sequences such that 0 < n < a,, b,
and la, — b,| <r, with ¥r, < =, then

n

[Ta,= I1b;.
i=1 j=1

Proof. It suffice to observe from the hypothesis that

rﬂ n

1-L<2<1+ 2,
n b, Ui

S
IA
~

|

THEOREM 1.6. Let (X, {wj}, { pj}) be a contractive system with attractor K
as in Theorem 1.1. Suppose W(K; N K;) =0 for all L #+J with |L| =|J|.
Then

(i) w has the Gibbs property: for each x € K and J, w(K;) =
p"Ip, (x);

(i)  For w almost all x € K and for o such that x = w(o), we have

| K m
lim w = ¥ [ (tog p,(x))h(x) du(x) - log p.

Proof. Let v be the corresponding eigenmeasure for the symbolic
space, it is known [3] that

v(I(o)) = p " [Ta(6" ). (1.1)
=
Note that for any 1 <j < n,

a(0" ) = p, (w(0 1)) = p, (w,, ++ wo (ml")).

i
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For any x,y € K,
‘Iog Paj(Wa, wgn(x)) — log pgl(w(,j w(,”(y))‘

< max 0(1og p;, (rnsc)”),
where r.,, is the largest of the contractive ratios of w;s. The Dini
condition implies that Y;_; Q(log p;, a ak) < forany 0 <a 21 and 1 <j
< m. By the foregoing lemma we have for x = 7(o) € K,

f[lqwjlff) = pu, (70l") =p,, (). (1.2)

Next we claim that ;L(K(,I ) = v(I,(o)) which implies (i) by (1.1) and (1.2).
In fact because w is the image of » under 7, we have w(K;) = v(7 *(K,))
for any J. Note that

L,co (K, cl,u U 7 K,nK))]|.
[LI=IJI, L+J

But »(7m (K, N K,)) = 0 by hypothesis, it follows that u(K,) = v(I,).
To prove (ii) we let

H=K\ U (K, nK,: ILI=JI=n,L=+J}.
n=1
Then by assumption H = K except for a u-zero set. For each x € H there
exists a uniqgue o € 3 such that x = w(o). We note that the Gibbs

measure 7 is invariant and ergodic. So by the ergodic theorem, for
v-almost all o,

log v(1,(0))
m n

n— o

= leog q(o)dv(o) — log p.

To end the proof of (ii), it suffices to calculate the last integral. Let v(j,-)
be the image of »|y, under the mapping u;*: 3, - X (3; belng defined
like K,). Let u(j, ) be the image of uls, under the mappmg w ' K > K.
These mean that

[y dutjix) = [ f(w ) du(x), (Y€ C(K)),

/go((r)dv(] o) —fz (u O')dv( g), (Ve e C(2)).

7
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Note that u;* is the restriction of 6 on X, Note also that u(j,-) is the
image of v(j,-) under . That means

[y duti %) = [ f(ro)dv(jio),  (Vf € C(K)).

Now we calculate

Jtega(e) dv(r) = ]Zéj(log pi(wa))h(w) dv(o)
= jZ/E(Iog pi(muto))h(wuilo ) dv(j, o)
- ]Zfz(log p(wtma ) )h(w e ) dv(j, o)
- %:/K(Iog (w7 hx))a(w x) du(j, o)

- ZfK_(|og p;(x))h(x) du(x).

Note that K; N K; = J for i # j clearly satisfies the measure separation
condition u(K; N K;) = 0. However it appears to be too strong (the
system with this property can actually be identified with the symbolic
space), a simple example that such a separation condition cannot be
satisfied is the three similarities that generates the Sierpinski triangle. In
the next section we impose more restrictions on the contractions w;s to
ensure the measure separation condition, namely, the open set condition
and the conformality, which includes the Sierpinski triangle. Also we
remark that if the condition holds and if the w;s are one to one, we can set
up a topological conjugacy between H and 7 *(H) and we can establish
the following commutative diagram except for a u-zero set,

{uj}

S = 3
9

771 lw’
{Wj}
K=K
®

where Ox = w; 'x if x € K;\ U;_{K, NK,: L #J,|L|=1J|=n}, and
Ox is arbitrary for the rest of the x. This is used to induce the multifractal
structure of the symbolic system to (X, {w;},{p,;}) (see Section 3).
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2. SELF-CONFORMAL MEASURES AND
OPEN SET CONDITION

We call a R%valued map w defined on some open set IV C R? a
conformal map if w is continuously differentiable and if w'(x) is a
self-similar matrix for each x € I (i.e., w'(x) is a constant multiple of a
rotation). Throughout the next two sections, we make the following as-
sumptions on {w;}_ ;:

() X is a compact subset of R, w;: X — X is one-to-one and
contractive;

(I w; is conformal on an open set V' > X;
(1D log |wj(x)l satisfies the Dini condition on X.

For such iterated function systems, the eigenmeasure in Theorem 1.1 is
called a self-conformal measure. It is the probability measure w satisfying

m
pr= 2 pi(x)pow
i=1
where p is the spectral radius of 7. The contractive ratio of w; at x is the
operator norm of the matrix w/(x) on R¢, denoted by Iw (x). The
assumptions imply that 0 <[w/(x)| <1 and |w; (x)|* = |det Wi (x)l Note
that by the chain rule,

W}(X) = WJ{l(sz anX)W]{Z(WjS th) W;”(X).

We say that {w,}" ; satisfies the open set condition (OSC) if there exists a
bounded open set U such that U ¢ VV and

wi(U) cU and w,(U) nwy(U) =, i #].

We call such U a basic open set. Let s be the (positive) number such that
the Ruelle operator,

TA(x) = X ()P F(w) (2.1)
j=1

has spectral radius 1. The existence and uniqueness of such s is because
the spectral radius p(s) = lim, _ IT"1]|*" is continuous strictly increas-
ing with p(0) = m and p(=) = 0 (note that 7,"1(x) = X, _,, Iw;(x)I’). Also
note that (2.1) can be adjusted to (0.2) by writing wi(x) = wi(w;” 1(w (x))),
so that lim,, _, .. 7,"1(x) = h(x) uniformly for some h >0 satlsfylng T, h h
(Theorem 1.1).
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If U is a basic open set, it is easy to see that K c U so that u is
supported by U. In all applications, it is important to have K c U and w is
supported by U. However sometimes a basic open set U may not support
. For example, consider the standard Cantor measure w defined by

X X 2
Six =, S,x=—-+ .

3 3 3
If C denotes the Cantor set, then U = (0,1) \ C is a basic open set but
w(U) =0and w(oU) = w(C) = 1. Our main results in this section are the
following two theorems.

THEOREM 2.1, Suppose the contractive conformal maps {w}" | satisfy the
OSC. Then we can choose a basic open set U which supports all the
self-conformal measures p with weight function {log pj}j"; 1 satisfying the Dini
condition as in Theorem 1.1.

THEOREM 2.2. Let {wj} and w be as in the previous text and let K be the
attractor, then w(K;, N K;) =0 for |J|=|L|, J+# L, and Theorem 1.6
holds for such p.

We need a few lemmas to prove the two theorems.
LEMMA 2.3. Let K be the attractor.
(i) There exists a constant C; such that for any x,y € K,

wy ()l < Cilw; (y)l.

(i) There exist constants C, and &> 0 such that for x,y,z € K,

lw;(x) —w;(»)l
lx — yl

CyHwi(2)l < < G,Iwj(2)l.

Proof. Without loss of generality, we can assume that diam K < 1.
Let a = max; max, [wj(x). Then the Dini condition implies that
-1 QUog [wjl, a*) < % (1 <j < m). Hence for J = j, j, -+ j,, we have

wy (%)

Iw; ()l

"09 = k¥l|'09 Wi (wi,, o wi ()| = tog [w (w, ., an(Y))H

n

Y sup {[1og |wi(w)| — tog wi(v)] |:1u — ol < '}

k=11<j<m

IA

o]

i Y Q(Iog Iw]fl,ak) < oo,

j=1k=1

IA
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This implies (i). For (ii), we note that by the compactness of K and
the openness of the domain V/, there exists 6 > 0 such that the balls
Bs(x), x € K are all contained in V. Now suppose x,y € K with

x —yl < 5. Consider g=heoe with h(w)= /S, lul? and (1) =
w,(tx + (1 — t)y) — w,(y). Note that # is differentiable at any « # 0 and
o(t) # 0 if ¢ # 0. By applying the mean value theorem to g, we get

[wy(x) = w,(»)[ =|w; (&) (x = y)],

where ¢ is the line segment joining x and y. The self-similar property of
w,(x) yields

[wy (x) = wy ()| = Wi (€)]1x = yl.

This together with (i) implies Gii). 1

LEMMA 2.4, Suppose L, pi(x) forall x € K. If A is a set of multi-in-
dices such that the cylinder sets {I,: J € A} form a finite disjoint cover of 3.,
then we have

Y pw(x) =1, forall x € K. (2.2)
JeA

Proof. Let n = max{|J|: J € A}. We have by induction,

Y p.(x)=1, forall x K.
[JI=n

Suppose now J € A with |J| <n, we can replace p, by the sum X7,
because

II
Mz

f‘,,,u) 2, (W, (,2)) Py ()

j=1

P L (nn0) =m0 @23

The replacement does not change the expression we are considering. Note
also that for every J’ with |J’| = n, it must come from one of the J in A.
Continue this process and apply (2.1), the lemma follows. ||

LEMMA 2.5. Let U be a basic open set in the OSC and let w be the
self-conformal measure, then p is either concentrated in U or in JU, the
boundary of U.
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Proof. The proof is a modification of a proof in [13]. By Proposition 1.2,
we can assume without loss of generality that Z;":lpj(x) = 1forall x € K.
Suppose w(U) # 0, then the self-conformality of w implies that

BU) = [ B (L (n0) di().
Ll=\J

We observe that K, N U, = Jwhen J # L, |J| = |L|. Otherwise, we have
d+K, NnUCU NU,

which is impossible because U, and U, are open and disjoint. Conse-
quently for such J and L, 1, (w;(x)) = 0 for every x € K. Then

W Uu)- Lu(t;)

[Jl=k

= 2 [ oL (w(x)) dulx)

/. o (1)1 (x) du(x)

(U NK) = u(U).

(The fourth identity is because ¥, p, (x) =1, and the last identity is
because w is concentrated in K.) It follows that

w(3U) + (V) = w(T) =1 = M(l pkz‘ff)
J|=

= M(UlL:JkUJ) + M(Ull_:Jkr?UJ) =w(U) + M(ngﬂUJ)-
Consequently we have
u(aU) = M(UIL:Jk(?UJ)-

By noting that dU N K c Uy, (dU; N K) (see [13, Lemma 2.2(iv)] for
the proof in the case of self-similarities, the proof is topological and hence
works for the contractive invertible w;s here), we have

p,( U aU,\aU)=o.

|J1=k
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Let F = U, dU, U dU. Then the earlier text implies that u(F\ dU) =0
and hence W(U\ F) = w(U\ dU) = w(U).

If wU) + 0, we define A = apuly\r Where a = w(U\ F)~*. Because
w XU\ F) N Uc U\F (13, Lemma 2.2(iii)] we have

AA) = X (007 (4)).

for any Borel subset 4 c U\ F, F,and X \ U. Because A is a probability
measure, the uniqueness of the eigenmeasure implies that A = u and
proves the lemma. |

For any two sets 4, B in R", we use |A| to denote the diameter of A,
and we let

D(A,B) =inf{d(x,y): x€A, y €B}.

be the distance of 4 and B. For a fixed x € K, we let r, = |w}(x)|. Then it
follows from Lemma 2.3(i) and the chain rule that there exists C > 0 such
that

1
Er,r, <r,; <Cnry. (2.4)

For small ¢ > 0, let
A, ={J=(ji,...,J,): nisthe smallest such that r, < ¢t}.

LEMMA 2.6.  Suppose the contractive conformal family {w}'. | satisfies the
OSC, then there exists a basic open set G such that G N K # .

Proof. The proof is a modification of [24]. Let W be a basic open set
from the OSC, let & be as in Lemma 2.3(ii), and let C be as in (2.4). We
fix an index J so that [W;| < & and we let U = Wj;. For each J, let

AT)={I€e Ag,: D(UL ;) < C™"ryl,

and let y, = sup #A,(J). Because the previous U;s are disjoint, each U,
can intersect at most a bounded number (independent of [U,]) of U,
I € A,(J). We hence have vy, < c«. Furthermore {v,} is decreasing, there
exists an ny > 1 such that y, = v, ., = ---. We fix this n, and we let J,
be the index such that v, ., = #A, ,,(Jy). This implies that vy, = A, (Jy)
also.

For any index 1, we use /(1) to denote the index set A, (). Then the
maximality of v, implies vy, > #.(1). On the other hand observe that for
Je A, (Jp) = A, .,(Jy), by Lemma 2.3(ii) and (2.4),

D(Uy;, Uy,) < CriD(U;, Uy,)) < Cr,C™ "% 8r;, < C™"ory
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This implies that
A1) 2{I: 7€ A, (1)}

Hence #.A1) > #{lJ: J € A, (J,)}. This, together with v, > #7(1I), en-
ables us to see that the preceding inclusion is actually an equality. From
this, we conclude that if 7 # I’, r;, > r;, then

D(Uyy, Upyy) > €01y (25)
Now define
G, = {y: d(y. ) <3C7 '},

and let G = U, w,(ﬁ] ). Then clearly, w,(G) c G. We show that w,(G) N
w;/(G) = . Indeed, if y € w(G) N w(G) there exists y, € w,,(U ), ¥, €
],(U ) and

d(y,y) < %Cinofl”iuox d(y,,y) < %Cinrlr;’uo-
Without loss of generality assume that r;;, > r;, , then we have
D(y1,y,) < C "1y,
which contradicts (2.5). 1

Proof of Theorem 2.1. Take the basic open set U such that U N K # &
as in the foregoing lemma. Then w(U) # 0 and Lemma 2.5 implies that u
is concentrated in U. |

Proof of Theorem 2.2. Let U be chosen as in the previous text, then the
proof of Lemma 2.5 implies that u(dU,) = 0. Because K, N K, c U, N U,
and U, N U, = J, we have K, N K, C dU, N dU, and the result follows

To conclude this section, we consider now the relation between the
self-conformal measure of T, and the Hausdorff measure on the attractor
K. This has also been considered in [16] under some stronger geometric
condition on the seed set, the regularity of w; and the open set condition.
We include the following simple proof for completeness

THEOREM 2.7.  Suppose the conformal family {w}'., satisfies the OSC.
Let s be the positive number such that the spectral radius of T, equals 1 and
let #° denote the Hausdorff measure. Then 0 <. Z°(K) < o,

Proof. For any fixed x, let r, = |wj(x)l. By Lemma 2.3(ii), we have
|K,| < Cr;, and hence

YK, <C Y rs.

[T1=n [Jl=n
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Note also that

lim ) ri= lim T"1(x) = h(x).

— ®©
=0

This implies that Z7*(K) < .

Next we prove #*(K) > 0. We need a measure u supported by K such
that w(B,) < Ct* for any ball B, of radius #, then the mass distribution
principle [6] implies 0 < C~! <. #°(K). We take the measure u satisfying
Truw = p, ie,

m
(AR
j=1

Let U be a basic open set for K. Then the U;s, J € A,, are disjoint and by
Lemma 2.3(ii) there exists a positive number a > 0 (independent of 1)
such that each U, contains a ball of radius at. This implies that there exists
an integer [/ independent of ¢ such that any ball B, can intersect at most /
of the U, J € A,. For a fixed ball B,, denote this family of J by &. It is
easy to show that 7=~ (B,) ¢ U{/,: J € &} (I, is the cylinder set with base
J) so that w(B,) <X,.,v(I). By (1.2) and Lemma 2.3(), v(I)) <
Clwj(x)| = Cr;. It follows that w(B,) < C'lt and yields the proposition. |

LEMMA 2.8. Let w be conformal and invertible, let E be a Borel subset in
the domain of w, and 0 <Z*°(E) < . Then we have the following formula
of change of variable,

7 (w(E)) = [ W' ()l d7*(x).

The proof is based on #*(AE) = |det A|'/%*(E) where A is a con-
stant multiple of a rotation, and an elementary approximation technique in
change of variable [22].

THEOREM 2.9.  Suppose the conformal family {w}'., satisfies the OSC.
Let p =7"|k. Then p is the self-conformal measure for T, i.e., p satisfies

m
p= X (wflu)ew;
j=1
Proof. Let h be the 1-eigenfunction of T,. Then

h(x) = Aﬁllw;(x)lsh(w]—x). (2.6)



ITERATED FUNCTION SYSTEM 337

It follows that

Il
I Ms

f;(hMXKﬂ - iKX)dM00==§2£jKWM)dMO%X)

W

I
Ms

J i () Ih(w,x) di(x) = (hp)(K).

1

J

(The third equality is by Lemma 2.8 and the last equality is by (2.6).) This
implies that (A u)(K; N K;) = 0 for i # j. Because 4 is strictly positive, we
have w(K; N K;) = 0. Now for any Borel subset E C K,

“u(E) = %(WWM%W’%E)

= £ [ (o 00) ()
éfw o [ de(y)

= jé“(wf(wfl(E) nK))

= ¥ w(ENK).

Il
-

J

Note that w(K, N K;) = 0 for i # j. So the last expression equals w(E)
and u is the eigenmeasure. ||

3. MULTIFRACTAL STRUCTURE

For 0 <t < 1 we let {Q,(x,)} denote the family of z-mesh cubes in R?
with vertices x, € tZ% Let Q/(x,) be the cube with the same center but
each side has length 2¢. Let w be a bounded positive measure on R¢. For
g € R, 0 <t <1, we define the L%scaling spectrum,

9%ics w(Q)(x))

log ¢

I
7(g) = liminf
t-0*

where # is the family of Q)(x,) such that Q,(x;,) N supp u # &. The
adjustment of the Q)(x,) in the definition is to guarantee that Q;(x;)
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intersects a nontrivial portion of supp u, which is needed for g < 0. It is
easy to check that 7(gq) is a convex function.

Lemma 3.1 Let (X,{w},{p;}) be a contractive conformal system and let
w be the self-conformal measure. Suppose {w;} satisfies the OSC and let U be
a basic open set U supporting u (as in Theorem 2.1). Let

A, ={J = (j; = j,): nis the first index such that |U,| < t}.
Then

|Og E]EA M’(UJ)q
= liminf -
7(q) :T(;Q log ¢

Proof. For each x, there is o € X such that x = w(o). It follows that
x=M,.1K;, = ﬂﬁ=ll7]” where J, = ol,. By the conformal property in
Lemma 2.3(ii), it is easy to show that there exist ¢,, ¢, > 0 (independent of
t and x) such that for J, € A, we have

O.(x) U, cO.,(%). (3.1)

The proof of the lemma for ¢ > 0 is quite straightforward. We are going
to discuss the case g < 0. The previous inclusions imply that there exists
an integer / (independent of ¢) such that each U, (J € A,) intersects at
most / of the Q,(x;) and vice versa and there exists a > 0 such that for
t > 0 and for Q)(x,) € 7, we can find U, c Q/(x,) for some J € A, (we
used the enlarged cube instead of Q,(x,) here). This implies that for
O,(x;) Nsupp p # J, w(Q)(x;)? < w(U;) for g < 0 so that

Yu(Q(x)! < ¥ wu)?, forallt.
7

JeA,

Similarly we can show that there exists a’ such that

) ,u(U, ZM(Q'(X)) for all ¢.

JeA,

Hence the lemma follows. |

For two given functions ¢, and ¢, on ¥ and for ¢, 7 € R, we define the
transfer operator S, .1 C(¥Y) - C(¥) by

m

quff(O') = Z eq¢1(1‘/(7)+T‘Pz(uj”)f(ujo-).

j=1

Let p(q, 7) be the spectral radius of S, . and let P(q,7) = log p(q, 7) be
the pressure function. The following theorem is well known when ¢, and
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¢, are Holder functions [2, 21, 23]. The same conclusion holds in view of
Proposition 1.4.

THEOREM 3.2.  Suppose log ¢, and log ¢, satisfy the Dini condition.
Then

(i) P(q, ) is convex and real analytic and

J - J -
gt =[edi . Par) = [ed,.,

where V, _ is the Gibbs measure of the system with weight e?%+"7¢2,

(i) If ¢, <0, then there exists a real analytic T: R - R such that
P(q, 7(g)) = 0 and

f¢l ~q T((])
f@z Yy, 7(q)

7'(q) =~

For the conformal system we define, for g, 7 € R,
pi(wx)\" .
T, . f(x) = Z( . p’ ) Wi () (wx).
j=1

Note that T = pT, , is the transfer operator in Section 1. If we write
wix) = wi(w; *(w;(x))) and we write

Pj(x) )q| ,
p

Wj(wfl(x))r'
then

T, . f(x) = ;la].(wjx)f(w]—x),

and (X, {w;},{a;}) is a contractive system. It is also easy to show that log a;
satisfies the Dini condition if log |w}| and log p; satisfy the same condition.
As in the preceding text, we use p(q, 7) to denote the spectral radius of
T, . and we use P(q,7) = log p(q, 7) to denote the pressure of the system.
It coincides with the one for the corresponding dynamical system (see the
proof of Proposition 1.3).

THEOREM 3.3. Let (X, {w} {p]}) be a contractive conformal system
where {w }m 1 satisfy the OSC and {log p]}]’" 1 satisfy the Dini condition. Let u
be the self conformal measure. Then the Li-scaling spectrum 7(q) is the
unique solution of the pressure P(q, 7(q)) = 0.
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Proof. That P(q,7) =0 means the eigenvalue of 7, is 1, and by
Theorem 1.1,

(pw,(X) !

o ) lwi(x)| " =T/ .(1) > h, uniformly as n — .

)»

|J|=n

By using the same argument as in Lemma 2.4 we can replace the restric-
tion |J| = n under the summation sign by J € A,.

Let U be a basic open set supporting u. By the Gibbs property
(Theorem 1.6), we have for a fixed x,

u(0) = (k) = P45

Then for 0 < ¢ < 1,

L= £ [22) <o g (22 v
JeA, JeA, JeA,

as ¢ — 0. This implies that 7(¢) = 7 by Lemma 3.1. |

THEOREM 3.4. Under the same hypothesis as the last theorem and let
a = 7'(q) for some q € R. Let

E ={xeK: lim M=a}.

“ t—>0* log ¢

Then dm E, =g - 7'(q) — 7(q).

Proof.  Without loss of generality we assume that the spectral radius of
T isequal to 1. Let K (x) denote the sequence of K, that converges to x
and J, = ol, for some sequence of indices o. By Theorem 1.6 we have
(K, (x)) =~ p,, (x). Let U be the basic open set for {w}"" , as in Theorem
2.1, then ,u(U]) = w(K;). By using the definition of A, in Lemma 3.1 and
applying Lemma 2.3(ii), we have

lo K, (x
E,={xeK: lim —g M( ,J"( )) =
no o Ioglen(x)I

Let g be chosen so that « = 7'(q) and u, be the self-conformal
measure corresponding to T;’j,(q). It follows that u and w, are related by

,uq(K_,”(x)) zijn(x)qlw}n(x)rT(q) ~ M(K_,”(X))q|w}n(x)|‘7(q>,
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Consequently we have

~log Mq(KJ,,(x)) o log M(an(x)) _
,Z'L”l log [w) (x)l — 1 nII—ITo'c log [w) (x)l (9). (39

It follows that

log (K, (x))

lim = a, 3.3
n—loglwj (x)l * (33)
if and only if
lo K, (x
lim M = qa—7(q). (3.4)

woslog Iwj (x)]

By Theorem 1.6(ii) and the expression of 7, _, we have for u, almost all x,

lim —log s, (K, (1))
= % [, [a109 5,0 = ~ta) 0] (07200 1,0 iy )
Furthermore we claim that
lim —log ()| = f J (o8 (2 ) () i 30 39

It follows that for u -almost all x,

n—e log lwj (x)]
1y Ji, (109 py(9))hy(¥) diry(y) |
S i, (109 1wy (w200} () s ()

=q 7(q).

By Theorems 3.2(ii) and 3.3 we know that the quotient inside the paren-
thesis is actually 7'(q) = a. This together with (3.3) and (3.4) imply that
w, is concentrated in E, and by the mass distribution principle [6], £, has
Hausdorff dimension g7'(g) — 7(q).

To prove the claim, it will be more convenient to use the notations in
the symbolic space as defined in Section 1. Let o = (j, j,,...) so that
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7(o) = x. It follows that x = lim,, . w; (x). Furthermore we have w(6'c)

= 0m(a) = lim,_.w;  w (x) We define

f(o) =f(jr, 0(a)) = loglwj(m e 6(c))l.
Then

1 1
lim ;Iog w) (x) = I|m - Z log Iw/ (w; ., = w, (x))]

= lim i Zloglw (7700(0'))

—>oon

lim ; ¥ log LF(6'( ).

For the second equality, we used the Dini condition on w;s. Let 7, be the
invariant measure on X corresponding to /2, u, on K. Then by the Ergodic

theorem, for 7, almost all o the preceding limit equals

Jf(w) di() = fo(/ 6(w))h, (7o) dr,(o)

fl/ (log [w(70( @) ), (7w) du,(w)

2[2(|og|w 7u; () |)hy(muu; N (0)) dv,(o)

j=1"=j

jglfz |Og|w(77w)|) (Wuj(w))dvq(j,w)

é[z log |w(70) |)h,(wmw) dv,(j, )

3

= X [ (109 |w(»)[)1,(w,3) di (. )

j=1

Ms

| (1og|w; (w2x) ), (%) dizy(x),

1°K;

J

where v,(j,-) and w,(j,-) are defined as »(j,-) and u(j,-) in the proof
of Theorem 1.6, and the calculation is also the same as there. This implies
(3.5) and completes the proof. |
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We define the Hausdorff dimension and the entropy dimension of u as
dim, u = inf{dim,(E): n(E) = 1},
and

. .. |Og Zi&?r :U’(Qt(xi)) |Og “’(Qt(xi))
dim, u = liminf ,
t—0* log ¢

where 7 is the family of Q,(x,) such that Q,(x;) N supp u # ¢. See [7] for
other related notions. It is known that if 7'(1) exists, then 7'(1) = dim, u
= dim, w [15].

COROLLARY 3.5.  Under the previous assumption, then
ity ij(lc’g pi(x))h(x) du(x)
27y Tk, (log Iwj (w1(x) ) k(x) dpu(x)

dim, w =dim, p=7'(1) =

In particular we see that when p,(x) = p; are constants and ¥ p; = 1,
then h =1land u=X7", pjpe wj‘l the preceding quantity can easily be
reduced to

Lj1 pjlog p;
L1 p; Jx log lwi(x)l dp(x)

It coincides with the result obtained by Strichartz [25] using a family of
vector-valued self-similar measures to approximate the self-conformal
measures.
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